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Introduction 




f *^yslcs as a yeneral dtsclpllne has no Umiis, from iho very hnyo (plaity- 
wide) to th(r vory FimALI ^atnms and !;rnaJ]Fr}. I'hiFi hook u a boor the very 
jimalJ side oE tliioiiS — tEiat's the siietialty oE quantiiiti jihysurs. Wlieii you 
iiza su]itt;tEtin}'. yuo cbii'E yo any soiBJItzr; you're dealing wLEl] [luicrtitt: iniiTs. 

Classicdl pELys.iE^ is EerrUie Eit e^ijlBitLuiy tttiiiyii like EteEitiiiy etips oE eudiee or 
aceeleratuiiF dowrt ramps or an collidiuy. as well ss a milLioii oEher ttrlnya, 
but It bas problems when things a^t vory small. Quantum physics usually 
deals wilh the micro world, such as whal happens when you look at Individual 
electrons zlpplny around. For example, electrons can exhibit both particle and 
wave-llke properties, mtich to the consternation of experimenters —and It 
took quantum physics to fIjipire out the EuM ptcitire. 

Quzuituiit pliysics also iEtrrodocctl the LmccrtaLiity principle, whLcIi yays you 
□3i]'t knuw a particle's exacl pusitiun and niujiiejituin at tlie same time. Arid 
the ilcliJ c\plauis the way that ttte eiieryy levels ol iElc electrons bound in 
atoms work. Fi^mriny oat those IdCEis all took tiuanlum pJiysics, as physicists 
probed ever deeper lor a way to model reality. Those topics are all cojiiintj 
up iri this book. 


About This Book 

Beesuse uncertainly and probability are so iiiLpOrtaiit In Cjuailtuni physics, 
you caji't fully appreciate the subject wilhout y:ettioy into calculus. This book 
presents the need-to-know concepts, but you doji't see much in the way of 
thoujjhl eaperimenls that deal wiih ciits or parallel universes. [ focus cm ihe 
math and how it describes Die CLuaulum world. 

I've tauRht physics to many thousands oF Students at the university level, 
and From that experience, t know most of them she re one common traU: 
Conlusion as to whet they did to deserve such torture. 

Qinifitiifn f’ftynN:.'; toy UtimmiFU largely maps to a colJe;^ coiiTse, but this bonk 
Ls riittFreuT from ."itaiidarri texts. Instead ol wrltiny it from Ihe jihyslcLsfs or 
professor's poult oJ view,, IVe tried lo write it from Ihe reader's point ol view. 

In other woiids. I’ve desiyiied this book to be crammed lull ol tlie good stuff — 
and only ihe good sluff. Not only ihat. but you can discover ways of looking al 
things that professors and teachers use to make figuring out problems simple. 
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Although I encourage you to read ihli book from start lo finish, you can also 
leaf through this booh as you hke. readfcng the topics that you find fcnterest- 
Inj!. ],lke other for fyammiss books, this one lets yon skip around as you Like 
as much as possible. You don't have lo road the chapters in order ll you 
don't want to. This Is yotir book, and qtLantnm physics Is your oyster, 


Cont/entions Used in This Book 

Some books have a dozen dizzying conventions that you need to know beLore 
you can even start. Not this one. Here’s all you need lo know; 

b' I put new terms in Italics, like f/rrs, the first time they’re discussed; 

I Eollow them wtth a deELnItion. 

pr' Vectors — those items thal have both a mailnitude and a direction — 
are given in bold, like tttis: B. 

Web addresses appear iji mcnc'f ont. 


Faotish Assumptions 

I don't assume That you have any knowledge rtf quanlum physics when you 
start to rearl this book. However, I do make the folloivirig assumptLrms: 

You're taking a college course Ln cjuantum physLcs,. or you're Lnterested 
in how math describes motion and energy on the atomic and subatomic 
scale. 

You have some math prowess. In particular, you know some calculus. 
You don't need to be a math pto, but you should know how to perrorm 
Integration and deal with differential equations. Ideally, you also have 
some experience with HLIbert space. 

Yon have some physics background as well. Yoii've had a yaar’.s worth 
of colJege-level physics (or understand all that's infftysj'cj thyDfjinmfp.a) 
bcEore ytni tackle tttis one. 


Hou/ This Book Is Organized 

Quantum physics — the study of very small objects — Is actually a vety big 
tupir. Tn haridlF it, r|LiantLiin physicists br^ak IhE world down into rlifforFTit 
parts. Kare ar? thF varioLis parts that arF turning up in this hook. 


CoDVrighted material 



Introduction 


Part 1: Small WoAd, Huh^ Essential 
Quantum Physics 

L is wttF’i'E! >'oi] Starr your tiLianfLiiiL pttysics jotinitiy, atitl ynii a ^aad 
[rv'crvit^w oE I tic topic ticrv. Lsur\iL:>' tioaiitiiiiL pttysics antL tolJ you wItEit It's 
ifootl tor and wtiai kitiJs ul pruLkuis It can euIvl;. You also ^ct a yootl fourt- 
datiuiL jii itiL! [[lalti tJiat yuti oc^d fur Itii; rest uf tlic book, such eis state vec¬ 
tors ajid CjLiatilLini matrix iiiatiipulatJons. Kiiowini^ tliis stuff prepares you to 
dandle the other parts. 


Part 11: Bmnd and Undetermined: 
Handling Panicles in Bennd States 

Particles cati be trapped Liisiile puterttials; tor ins tan ec, elcctruiis cati be 
bound i]] eui atoiit. QuaiituEti ptiysics excels at predieliiijj tJie ei ter^j^' levels ut 
particles bouiicl iti various potejitials, and that's wtiat Part LI covers. You see 
tiow to tiandJe particles bound Ln square vvells and in liarmonte oscillators. 


Pan 111: Taming te An^ntar 
Momentum and Spin 

Qrj(intrJin physics lets yoti work with tlie micro world in terms t>f the 
Lar mnmenlum of p^rticlf^s, w^ll as tli^^piu oE electrons. Many famntLS 
experiiiieiits — Sueti as tJiC Steni-GerlaCl] cxpcrijiiejlt. in wliicJi bcaiEis ul par¬ 
ticles Split U\ majinetLc fields — are understandable ojtly iji tenps of Cfuantuni 
physics, arid you all the details here. 


Pan lU: Multiple Bimensions: Going 3B 
With Quantum Phgsics 

In I he first thrpe parts, the quanttim physirs problems are nnp-dimensional 
to make life a little easiar while ynn'ra understanding how tn solve those 
prohlems. In Part IV. you branch out lo workmi* with three-dimensional ]]roh- 
leiELH in both rectangular and sjiherieal coortlittate systems. i'aJtini^ things 
from ID to 3D gives you a belter pJcLure of what happens Ln the real world. 
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Part V: Group Dynamics: htrodudny 
Mukipte Particles 

Ir tltiR. p^rt. yoLi work witli iiiLiLti]]l4N]]arTirl^ F^yst^ms, surEt aIditis □net 
yascii. Yull see tiuw to hLaiidJt.' iitaiiy i^Icctr-Qiis icL aIduis^ particicii iiitcrACFtiny 
witi] ulKcr pari Lilies. aillI particJt.'ii that bcatter uCl ulKcr pArllcIcs. 

Dealing wilk niullLpLe particles is all anolllur step ill iliOdeLijiy reality — atter 
all, systems with only a single particle tlon’l take yon very far In the real 
world, which 1s built of mega, mega systems of particles. In Pari V, you see 
how quantum physics can handle the situation. 


Part Vh The Part o{ Tern 

Von see the Fan of th? Tens In all rcir/J[r/7Tmfej hooks. This part is made 
up of last-paced lists oE ten Items each. You net lo see some of the ten best 
uiiliiic tuturiaJs uii quantiJi]] physics aetd a discussiun ui quaiituj]i physics' 
tcil {greatest triuiuplis. 


Icons Used in This Book 



Yon Eind a hsndflil of icons In this bopk, and here's whst they mean; 

This irnn lia^Js partifiilarly ijond arivicft, esperLally when ynu're solving; 
pFOblciits. 


This ienn marks somerhinij to rememher, such as a Igw of physics or a parliru- 
larly juicy equation. 



This ienn means Ihat whgt follows is tectinlcai, insider stuff - Von don't hiive To 
read il il yon dnn't want to, hut Lf yon wanr to become a qiiantuni physics pro 
[and who doesn't?), rake a look. 


1'his icon helps you avoid maTbematical nr cnnceptual slip-ups. 
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Where to Go from Here 

AIJ you're.' eiII roaiJy to j^O. Vou uais juentt iu EiiiywtLort: yOu 

liku. For Lnilajite, it you'ru iurc tlctiroct is iioictii lo bt a bii; lopic ol 
cortversalion at a parly this weekentt, check out CJiapter 6. Ajid Jl your 
upcofiiiiig vaealioo to Genova. Sviit^erlaiid. iitclode^ a side trip to your new 
favorite particle accelerator— ttie Larye Hadron Collider — yoo can flip to 
Cfiapler 12 and read up on acatterlrif theory, Rut It you want to yet the full 
stery From the hesInnlnH, itimp Into Chapter 1 First — that’s where the action 
starts. 



Quantum PKystcs For Dummies 


^ opy rig h!ed ti tf^ri 



Parti 

Small World, Huh? 
Essential Quantum 
Physics 


The 5* Wave hy Rich Tennant 



“It's just tiKe tine regular stevr oinly it's got 
fioroe bits matter im It -vie cam't idewtity/ 


Cooy righted rTi£tG»‘ial 





In this part - , , 


7 Kls part [l^sijfnerl tc ^ivF you ;3i] inErnclLictii^n to EKf 

wa>'^ uF {[LiaritLim ]]hy!^ios. Yun tlio tFidt 

^av-i: risic tu quail turn ^Itvii iusi. anrl tJiu JrLiidsi. ul soluliuiis il 
pruvidcsi. L ^ilsiu Jiitruduci: yuu lu tlit.^ kind ol i[i4tttk tJiat 
quantum phyaLcs requires, incliJdlnjF the notion of slate 
vectors. 


C opy rig hted m ateri al 




Chapter 1 

Discoveries and Essential 
Quantum Physics 


la Thh Chapter 

^ lorLh theories of jnd dl^creLe units 

^ tji p«riiiiE!nriii^ uith arrini* 3S partita !<»; 

^ K^iperini^nfiiij'u'ith ^rtin^ 

^Embracing uncertainty and |>robt3hihty 


JS ccording lo classical physics, particles are particles and waves are 
F B waves, and never the twain shall itiIm. That Is, panicles have an energy 
B an d a me mentum vector p, an d that '& t h e end of It. And waves, srich as I Igh t 
waves, have an amplitude Aanda wave vector ft fwhere the magnitude of 

where Is the wavelength) that points in the direction the wave Is trav' 
clinif. And rltat's tlic^ end ul rliat, too, accorrlLni^ tu class ical pltysics. 

But tJie reality is difEcreal — particles lurn out tu e^ttibil wavc-like proper¬ 
ties, and waves exhibit partIcle-IIke properties as well, The Idea that waves 
(like light) can act as particles (like electrons) and vice versa was the major 
revelation thal ushered 1n quantum physics as such an important part of the 
world ol physics. This chapter lakes a look at the challenges facing classical 
physics ai'OUnd the turn of the 3[ith centtifv — and how quantum physics 
gradually came to the rescue- Up to that point, the classical w^ay ol looking 
Ar physics wns IhnugliT to nxplAicL just Al^oiir everyth ini', liut as Ihann pnsky 
c^pcriiiLciitBl pliysLcists lizivc ei way of duiii^, they caiilc up with a bunch ul 
e\pcriiiLci]ts that the thcurolicAl physicists cuuldii'l c^iplBiii. 


TJut ihadu tlie theoretical pJiysicisls jiiad, and they got on the job. The prub- 
lem here was the mLeruscopLc world — llie world that's too tiny lo see. On 
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th^ larger scale, classical |>liyslcs could still explain most of what was going 
on — 'blit when It came to eltecls that depended on the micro-world, claaal- 
cal physics began to break down. TaMtig a look at how classical physics col¬ 
lapsed gives yoti an inrroduction to quantum physics that shows why people 
needed It. 

Being discrete: The Trouhte 
With Black'Bodg Radiation 

One ol the major ideas ol quantum physics is, well, ifijanlizaiiott measuring 
quantities in discrete, not continuous, tmlts. The idea oi quantised energies 
arose with one oi the earliest challenges to classical physics: the problem or 
hlack-hody rartlalton. 

When you heat an nhiect, it begins lo glow. tLven before The glow is vuihle, 

Lt’s radiating in the infrared specTnim. The reason il glows LsThat as yon heal 
It. tJie eluctruns m tJie surface oi the material are agitated themialJy, and 
electrojis being accelerated and decelerated radiate Light. 

Physics in the Late ISLh and early 20th centuries was concerned with Lbe 
spectrum of light being emitted by black todies. A biaci^ body is a piece of 
materJal that radiates corresponding to its temperature — but it also absorbs 
and reflects light Irom Us surrounclLnj^s. To make matters easier, physics pos¬ 
tulated a black body that reflected nothing and absorbed alt the light Fellinn 
nn it {hence the Term hfrirt tioffy, hecgiise the ohjert would appear perfectly 
black a-s it absorbed all light lading on it}. When you heat a black body, il 
would radiate, emitting light. 

Well, il was hard to come up with a physical black body — after all. what 
material absorbs light 100 percent and doesn’t reded anything? But the 
physicists were cleyer about this, and they came up with the tiolLow ca^'ity 
you see in Figure l-l,wiiha hole In il. 

When you s h I ne I Igh t ori the h ole, al I that I Ighl would go Ins Id e, where il 
would he reflected again and S-.gain— until it got ebsorbed fa negligible 
amount of light would escape Through the hole). .4nd when you heated the 
hollow cavity, the hole would begin to glow. !sn There you have ir — a jiretty 
good a]]j]r[H[imaTion ol a blank body. 
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You can ste th« 5[>ectnim of« tjfack brKly Cand attempts to model rKat spec- 
tTLim) in E-lffore 1-2^ fo-r two flLFFerem temperatiirpji, 'I'l And 1'.^. Ttie protilom 
WA.S that nohiody waj; ahLe to on me iip wttFi a the4>reTtral e;c[)lAnatio[i fnr the 
apeotnim oE liijlir (JenerAred by the hlaok body, tveryltiini^ niassioal ]]hysios 
could come up with weal wroji];. 


Fkfluml-i: 

Glaok-body 

radiaticm 

spEblmm. 


Enefigy 

Dan^ity 



Tinn'K 


Frtqucnry 
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First attempt: Wien's Fermuta 

The first one to try to eKplain the spectrum of a black hotly was Willbelin 
Wien, In 1SS9. Ualn^ classical therm oiynamlos, he came op with I his formula; 

tf(u.r)= Ali*c 


wlLL;rL‘' A diid arij cuiistaiit^ you dotorniiiic Irucn yuur plty^icdl 2 ii:lLip, 0 ui tlio 
freijLLi^cLCy ul tilt; ai1tl T Lb the tt;]ii}jeri]ture ul itio hlEick tiOcly. (TIll; b.pt;c- 

trum Is- i^voit by cr[tj, T], which i^ the ener^ Jcnsity of the t:inittkl Ji^ht ti6 n 
function ol frequency and temperature.) 

This equation, Wien’a formula, worked fine for high Irequetieles, as you can 
see in Figure l-^i however, ii failed for low froquendeg, 


Secotlit attempt: Rateigh-Jems Law 

Nest up in the attempt to eirplain the blact-hody spectnim was the HaleiRh- 
Jeans Law, iiitruduecd aruLiiid 19[K). Ttiis. law prizdictoil that I lie b.pcc:tnirn of 
a black Lkh 1>- was 

Ef(u.r)= 


where ^ is Cult]iiai]i]'s cCifLstant (^Ipproximutely ].38()7 k IU"-^ J K"'). However, 
tJie RaleLi^li-Jean^ Law had the opposite problem ol Wien's lawr AJthoui^i it 
worked well at low frequencies (see Figure 1-2), if didoT malcli the higher- 
frequency data at all — in fad. il diverged at liijfher IrequeooLes. This was 
called the ailraviotei ca!asSrop(\e because the best predictions available 
diverged at high frequencies (corresponding to ultraviolet light). Il was time 
for quantum phy&ics to take ower. 

An intuitii/e (quantum) teap: 

Max Planck's spectrum 

The hlacitbody problem was a lougb one to solve, and with it came llie first begiii- 
nijigs of quanfujn physics. Max Planck came up with a radical suggestion — 
what if the amount of energy that a light wave can exchange with matter 
wasn't continuous, as postulated by classical physics, butddsc/^fc^ln other 
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worda, Planck postulaledl that the enerjfy of the llyht emltled from th^ walls 
of ttie b lack-botly cavky ca me only In I n te^er miilll plea I llte t h Is, wh ere f] ia a 
universal constant: 


F=Ji/u>, where n = 0,1, 2,,,. 


Wilh tJiis llieory, Crazy aa ii soiiiided in tlie early l^OOa, TJajick converted Ihe 
conlijiuou^ integrals used l>y Raleiglt-Jeans to discrete sucns over an intiiiLte 
ntimber of terms. Makini; that simple change gave Planck the following equa’ 
tion For the spectrtim cjt black-l>0(Jy radiation; 


<f(u,Tj = 



tiv 


This eqnatlori Rot It right — It e^tactly describes tbe hlack-body spectmm, 
both at low and hl.ijh (and tried lrim„ for that matter} irequencLea. 

This idea was qnire new. What Planck was saying was that the ener^ry oF 
the radiating osciJIators in tJie black body cooldnT takeoji jusi nny level of 
energy, as classical physics allows; it could take on ojtly specilic, (fuHfiiis^d 
energies. In (act, Planck liypotliesized that that was true for any oscilLalor — 
that its energy was an integral jnullipLe of 

And so Planck’s equation came lo be known as Ffanck's ifuanttzaiton niie, and 
h became fftrorfr's consfnnf; fj = x lf>-'^ Jeule-seconds- Jiaylng that the 
energy oFall oscitlators was fnisntired was the birth oF ntiantum physics- 

Ore ha.s to wrmder how Planck fame up with his theory, heeanse it's not 
an ntwions hypnthesu;. Qscitlalnrs ran rurilLate only at discrete energies^ 
Where did rtiar conne From? tn any ca.sE, the revolution wa.'; an — and there 
was no slopping it. 

The First Pieces: Seeing Liqht 
as Particles 

Ligtil as particles^ Isn't light made itp oE waves^ LLghr, ir turns oul, evKLhits 
proiierrieFi af hath waves and particleji. 'L'tiLs secrian shows yon some of the 
evideuce. 
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Sotffitig the photoelectric effect 

The photoelectric elfect was one of many ejiperimental resiilta that matle up 
a crisis For classical physics aroimd the turn oF the 20th ceritury. it was also 
one of Rlnsleln’s first successes, and It provides prool oF the qiLamlJallon of 

Li^ltt. whaE happFiiecl. 

^Vlicn yuu shiiie li^kt octtu JiictzLi, Ri^rc 1-3 vuli t^niitliirl 

izkctr-ujiii. Tin: olcctrunii Eibiiurb tin: lij^tiE yuii sJiiiie, e]]]iI if tliny enuLii^li 
ncicrijy, iknyVi: abJe to Lrc^ik frtM- ul tho iiictaJ’s- aurfact. AcCOrdioti 10 cUii- 
pliy^ii:^. liij^it Ls iLi!s.t a weivc, and iL cao e\cliaii^e aa>- amounl oi 
w Ith ih e tn elal. When you beam I Igh t on a piece of metal, t h e elec trons In the 
melal should at>sorb the IIjjhl and slowly jjeuip enough eneryy to be emit¬ 
ted from the metal. The Idea was that If you were to shine more light onto 
the metal, the electrons shotild be emitted with a hlyhier kinetic enerijy, And 
very weak iitfhr shotiidn’l be able to emit electrons at alb except in a matter 
of hotirs. 

Qut tliaC's nut wliEit ttE]ppL;[ti:d — electrons emitted ds buuii nii soiitouiiC 

iitLonL; lijjlit u]] IIlo inobil. Ill EdcI., ilO jiiEittor Jiu'^v wueiIc the ii'ituilsily of tlm 

ulcident li 2 rhi(and roseaFChi:r^ iried e:;perinients wltJi mch weak Ll^hl that il 
should hive taken houFS lo^el aiiy electrons emitted}, electrons it'ert emit¬ 
ted. Immedialely. 


Light 



Fjcperiinenrs with the photoelectric eFFect showed that Ihe kinetic ener^, K, oF 
the emitted electrons liepenrted only on the Freouency — not the intensity — 
ui the incident Ji^lit. ns you can see in Fi^re 1-4. 


; ;nr T : fi :| 
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Figute 1 - 4 ; 

KinEljc 
Ensngy d 1 
amittad 
(jlL-rlrons 
VL'FKUS 

fr(i(luincv 
of me inci- 
doivt iiiihi. 



In Figure ]^. Is caJled the /firtes^ioftf and If you shine lljrht w|ih a fre¬ 

quency below this thresTiohl on the metal, no electrons are emllted. The emitted! 
eleetro'ns come from the pool of free electrons In iTie metal (all metals have a pool 
ot free electrons), and you need to supply these elections with an energy equiva¬ 
lent to the metal’s work function, W, to emfi the electron from the metal's surface. 

'J'Jm rc^Lills w'(;r[: ttBRt iu explain cUissiEalJy. so enter Einstein. 'rtiLs W3S ttic 
tte^inniii^ ol liis tLcyday, aruuiid t^P5. Eiiceura^eiJ by h'JEUiek's success (see 
the preceding seetiun)^ ELiisteii] postuhited itiat Jioi only were uscillaturs 
[fuaiilLeiJ but SO was Lij'tti — Into discrete units called pimons. LigJd. he sug¬ 
gested. acted like particles as well as waves. 

So In this scheme, when light hits a metal surface, photons hit the free elec¬ 
trons, and an electron completely absorbs each photon. When the energy, 
im. of the photon Is greater than the work function of the metal, the electron 
Is emitted-That is, 

(ju = W -r K 

where W is the mLiars woik lunction and K is the kinetic energy of the emit¬ 
ted elecIroji. Solvinjf for K gives you the following; 

K = yjTj - W 

Yon can also write thla in lermj of the threshold frequency this way; 
K=/i(u-u„) 
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So apparentljr, llj;ln Isn’t Jii&l a wave; jroii can also vlevn- It aa a particle, itie 
photon, fn other words, light is quant lied. 

That was also quite an tinexpecled piece of work t>y Rtnstein, although it was 
based on the earlier worh oE Planck, light l-lght coming in dtacrete 

enercty packets'.' What nejft'.' 

Scattering ti^ht off etectrons: 

The Compton effect 

To a world that stilt liad trouble coniprehending light as particles (see 
the preceding section), Arthur Compton stippiled the final blow with the 
Compton effect. Hij experiment Involved scattering photons off electrons, as 
Figure 1-& shows. 


Figure 1-5: 

Lighi 
incident cm 
aneleclran Photon 
at rsst. 





El&ctron at rsst 


Incident lli(ht comes In with a wgvelenijth ot f- and hits lhe electron at rest. 
After that happens, the Ilijht is scattered, as you see In Fli^ur? l-^i. 



TICT":-.^ 
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Cla&sIcallyK here’s wfial should've happened: The electron shoii]dl>.'e absorbed 
the Incident Ilyht. oscillaletlHand emitted It—with the same wavelen^rth but 
with an fcntensity depending on the Irtlertsfcty of the Incident light. Put that's 
not what happeried — in tact, the wavelenyth of the ll^jht Is acltially chan^jed 
h/ called the s/ufl. The scattered lli(ht has a wavelenjjih o-t ?. 

+ Ai — in other words. Its wavefength has increased, which means the light 
ttas Lost ciiLTyy. AoJ cicpeiids on LLll; scattcrJi]^ e. not on tttc inten¬ 
sity ul the incident lii|t]t. 

Arthur Compton could explain the results of his experlnient oolv by niakioir 
the assumption that he was actually dealing; with two particles — a photon and 
act electroji. That is, he treated light as a discrete particle, not a wave. And he 
made the assumption that the photon and the electron collided elastically— 
thal iSp that both total energy and momentum were conserved. 

Making the assumption that both the llithE and the electron were particles, 
Compton then derived this formula for the ivaveleni(|h shift fii's an easy cal¬ 
culation if you assume that I he liiihl is represented by a photon with energy 
C = /ju and that its mun]ontuj]i is p = VO: 

A/. ■—^(]-ccsS) 

where fi a Planck's conslanl, m.. is the mass of an electro]], c is the speed ol 
W^iA. and & is the scatlering au};le of the light. 

You also see this equation In the eciuivaleut form; 

iJ. = AnX^ sin’I'^.^J 

where Is the Compton wavelength ol an electron, where 

k = d/jla. And CJfperlment confirms Ibis relation — both eouflllons- 


thAt Tn dFrivF thF WAvelFngth F^bitt, Cnmptnn h:]d tn m^kF IbF 
tinn ttiAr here, light waji erring ar. a pFirticle, not ar a wavf. 1'hAt ir, thF ]]Ar- 
ticlE nAturF nt light was tbF AsjiFrt of tltF liglit thAt was predoininActt. 


Proof ftositron? Birac md pair production 

In 1928. ihe physicist Paul Dirac posited the eiiislence of a posilLuely charged 
atill-eleclron. the ^osdfrtvj, He did ihls hy taking ihe newly evolving lield ol 
quantum physics to new territory by combining relativity with quaitlum 


eriRl 
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mechanics to create relallvistk quarilum mechanics—and that was the 
theory that ptedlcted. through a pliis/mlniis-aign Interchange — the exis¬ 
tence ot the positron. 

It was a t)ol(f prediction — an trnh-xwdfc^e o-t the eleclron';' Hut iusl four yeara 
larer, physicists actually saw the positron. Today's hli(h-poworetl etememary 
particle physics has alJ kinds uE synchrolroas and utiier particle accelerators 
tu create alJ I tie elcjiiejitaty panicles they need, but in the earJy 2!lJth century, 
this wasn't always So. 

|ji those days, pltysicisls relied on cosmic rays — tliose particles and liigli- 
powertd photons (called pinma rays) tliat strike the Earth Inom outer space — 
as their source ot panicles. They used c^orMt-e^ffrnireis, which wore dUed 
with vapor From dry Ice, to see the trails such particles left. They put their 
chamtiers Into maflnellc fleEds to tje atile to measure the momentum O't the 
particles as they curved in those fields. 

In a physicist noticed a surprislnj^ event. A pair oF particles, oppositely 
charged (wJdctt cOuld he determined from Fhc way Fhey Curved in tttC mag¬ 
netic field) appeared from apparently nowhere. No panicle trail led to the 
Origin of File iwo particles that appeared. Thai was pQir-f>rotiticiioit — the con¬ 
version ol a high-powered photon inLo an eleclron and posiLroji, which can 
happen when the photon passes near a heavy atomic nucleus. 

5o evperimentaliy, physicists had now seen a pho'ton lurnlnj; Into a pair of 
particles. Wow. As iF everyone needed more evidence of th? particle nature 
of light, [.flter on, researchers also saw pniranniJiiluf/nn: ftie conversion oF an 
electron and positron into pure light. 

E’air production ^nd annlhllatinn turoed ont to be governed by FLiusteiu's 
newly introduced theory ol relativity — iji particular, his most famous for¬ 
mula. E = rfic . which gives the pure energy equivalent of mass. At thi^ point, 
there was an abundance ol evidence of the partlcle-Ilke aspects of light. 

A Dual Identity: Looking tit 
Particles as Wattes 

In 1^23. the pliyslcLHt Louts de drcglic sugi^ested that uot oitly did waves 
exhibit particic-liko aspects but tJic reverse was also true — aJ] material par¬ 
ticles should display wavc-like properties. 


f 



isrial 
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H[!w dots tJiis work? I'or a plioron, iiioinnorLim p =^jt = ‘■/ii, wIisrF 1; is tfiR 
pitorun's [rv[[uciicy JoiJ \ is Its wdvtlcit^]]. Ami wave vtctur, kn is t[|LiaJ 
tu ft = piTi„ wJitFU A = ft/2rT. Dc Eruylic saiJ ll'idt tlit soent rciatiuo likoLiLd Jiokl 
fur iiiattrial part ic Los. Tttat is. 



P 




[>e Brow'll e presented tTi^se apparently surprising suggest Iona In Tils Ph.D. 
thesis. Researchers pul these suggestions to the test by sending a l>eam 
through a dual-slit apparaltis to see whether the electron beam would act like 
It was made up of panicles or waves, in Flji^nre l-T, you can see the setup and 
th^ results. 



tWD 



b 



c 


|ji Figure ^Ta. you can see a beam ol electrons passing througli a single slit 
and lire resulting pattern on a screen. In Figure l-7b, the electrons are pass¬ 
ing through a second slit. Classically, you'd expect the Lntensities of Figure 
l-7aaiid l-7b simply to add when both silts are open;. 


But that's nnt what happEnari. What artnali^' appeared was an interference 
patlem when both slits were open (Figure l-TcJ. not jiLst a sum ol Itie two 
slits' electron intensities. 
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The reaull was a validation of do Broyllo's In von t Ion of matter waves. 
E-xperlmonl tore out the relatlor that A - */n and de Eroglle was a auccosi. 

Tho Idea of matter waves Is a big part of what s coming up Jn ttio rest of the 
boot. In particular, the existence ol matter waves says that yoti add the 
waves’ amplitude, f) and 0, "ot their intensities, to sum them; 

W(.r. I) = V|(r. 1} * 0 


You itr^uanj the aifiplitude to get the intonsity.. and lliepltase diderenco 
between u/j. O^itd /) is wltal actually creates the interforeace patten] 
that's observed. 


JA>h Oitt't Know E(/eruthing (But you 
Can Figure the OtlKsj 

So particles apparently exhibit wavo-like propertlos, and waves exhibit 
parlicle-Like properties. But it you have aji electroji, which is it — a wave or a 
particle? The trLitli is that physically, an electron is just an electron, ajid you 
can’t actoally say whether it’s a wave or a particle. The act o( rneafurtmerr/ is 
what brings out the wave or particle properties. Yoo see more about this idea 
throughout the bools. 



(Joantom mcchAntcs lives with gn uncf^rtain picture quite hgpplly. Thgt view 
of Fended mgny eminent physicists of the Time — notably Albert tiinstetn. who 
said, tamruLsIy, tort does not play dire." In this section, I dlsruss the idea oE 
unoertairity and tiow quantum physicists work in prohahitities instead. 


The Heisenberg uncertainty principie 

The (act that matter e:(hibils wave-like properties gives rise to more trouble “ 
waves aren’t localised in space. .And knowing that inspired Werner Heisenberg, 
In 1927, to come up with Ills celebrated uncertainty principle. 

You can completely describe objects In classical physics by their monaentiiin 
and position, both of which you can mensure exactly. In other words, clnssi- 
ral phy.sLcs is cnmpletely deSenninfstic. 

Oi] the aTomtc level. Itownvnr, [iLiantuin physics paints a [liEEernut picEure. 
Hero, tlie {(eisenberg nmxTiaifity prificipie says tliat tJiere's an biticrent uucer- 
tauity in the relation between position and [noniento]]!. In the jf directlmi, Eeir 
eKampte, that looks Like this: 
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wKsn* ijr is Ths inflasiirFnifliit iinrsrtamty in rhp partic le s jr posirinn, Lq 
its in.E'asijrf’niE'nT ijnrE!rtainty in its innmE’ntLLm in t r d.irf!c tinn And = ^r/^rr. 

I'Jmt is tu say. tltc inure a.cc;urAlely you lamw ttic posit iun uE a partiele, tlie 
Less AoeurAtoly you know the inoitLcntutti, and viee versa. TJiis relAliui] liuJds 
Lor all I'hree dJaieiieions: 


i: I 


And the Heisenberg uncertainty principle a a direct consequence o1 the 
waue-lllte nalure of matter, because you ean’l completely pin down a wave, 



Quajitum physics, unlike classical physics. Is compEeiely undelerminlstlc- 
VaiJ ran tirver know tlie pjT>ri'sp jiasitLoi] and mnmejiiniiL al a partioJe at any 
tnie titnr. You CAtL only probabilities EorlKesr liiiketl 
tneAsurojiients. 


Kottin^ the dice: Quantum physics 
and prohabiiit^ 

In quantum physics, the Slate of a particle is rfescrlhed by a wave function,. 
nrfF- r). The wave function describes the de Rroi^lle wave of a parUde, itlvln^; 
Its amplinirte as a function of position and time- {iieo the earlier section “A 
DllaI Jdrnlity: Luukintf at Particles os ^A'^ivrs" Eor iilufo on Jr Erui^ir.) 



Note that Hie wave iLuictiou j^ives a particle's ampLitiJiJc, net intensity^ iE you 
wtijit to lintl the inlenaily ol Elie wive fmiclioji, ycm have to squire it; I vh(f; /)I*. 
The jnf^rrSdlT ol i wive iS whit’s equil lO the probibilily that the particle will 
be it that ptksition al that lime. 


That's how quanirim physics converts Issues ol rnomerilum and position Into 
prohahlllties; by usinR a wave Function, whose square tells yoti the prr}bQb>iity 
dlpnsfA' that a particle will occupy a particular position or have a partictrlar 
mnmontum. In other words, I '^(r. r Is the prnbahilily Ihnt the particle 
will ha EoLinJ in th? volume eEamant lr>ratad at posit inn pat time J. 



-riRl 
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thtf |]ositio[L-spac:t± liiiictioct ijr^F;. 0, AlF^n a mont^tiiiik- 

ii [Hci; vt;rii Lo-ii ol I kc wavt; fund iai]: J). 

TJiis book i!i lar^oLy » ^tudy oE tJii: wave luiiotJOii — tki: wave juiietiuiis oE Erije 
ljart]cles, ihe wav^ runtllons oE particles trapped inside potentials, ot identi¬ 
cal particles hitting each other. O'! particles in harmonic oscillation, oE Light 
scattering from particles, and more. Using this kind of phy&scs, yon can pre¬ 
dict the behavior of all kinds of physical systems. 


riqn-^ 



Chapter 2 

Entering the Matrix; Welcome 
to State Vectors 


la Thh Chapter 

^ Creating state vectors 
^ lining Ulrac antation tor staTE! vsrtors 
^ Working with hra?; snci k^t& 
^UnderstandingjnatriN mechanics 
^ GetlLng to wave mechanics 


■ UBiituiEL p-tiysks isct't jui^t abuoit inlaying aruLiiid wilfi your i^articL-i: aE:cL;l- 

eralar while trying not to destroy the tmiverse. Sometimes, you get to 
do things thatar^a little more mundane, like turn lights ott and on, pertorm a 
hit o( calculus, or play with dice. 

If you're actually doing physics with those dice {heyond hurling Ihem across 
tho room), the lah director won 't even get mad at you. In quantum phy&ics. 
Ah^olutF m^F^iiremf'nt.'; zirF repLni^ed by prnhAhiliticj;. Fin you mAV iifif dice to 
FFJculate tht± |]rol)BbilitiFS thAt various ctLimbFr^ ivilLcomf up. Vc^ucAct thect 
ASFioiitbJi.^ thoFiEF vaIucs uitoA vicctuF {iiin glcF-ouJuiiLct mAtrbi) in J-l i I biirt s pAoc 
(a type ol iuEinltcLy iJii[iL;[ts.iurLAl vcclur ^ipAcc wittt iiunic propcFTticii tliEit an: 
L:;ipei:ially valuable Iei quantum physics). 

This chapter inlroduces how you deal with probabilities in quantum phys¬ 
ics, starting by viewing the various possible states a particle can occupy as 
a vector — a vector of probability stales. From there. I help you familiarize 
yourself w'Hh some mathematical notations common It! qiiantum physics. 
Including bras, kets, matrices, and wave functions, ^long the way, you also 
get to work with some important operators. 
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Creating your OtOn Vectors 
in Hithert Space 

Ij1 ^u^ntujii §»liySiH::^, prub^bililii:^ tEikc: llli: uf ^tN^aLutC j]i4>^^ur^i]]Ci1ts. 

Say you"VC b{^cn C;(|>[;rjjliC]]tiaL; vfi[h rolling a ]jaLr of diCC; aod irC tiyi^ir 
fljjurt the rtbllvfr prolMbility llul t]it dice wLlI show various values. You 
eofifie up with a list iLidicatJn^ the relative probability of rolLirij; a 2. S. 4. aad 
so on, all the way vp to i;^: 


lSujJi Ih^ 


1 

3 

4 

5 

6 
7 
S 


Priihahility (IVujvibcj- tiT U^i^yd- 


2 

3 

4 

5 

6 
4 


|[f 

11 

12 


3 

2 

I 


In other words, you're twice as likely to roll a 3 ttian a 2„ you're tour times as 
likely to roll a a than a 2, and so on. 'Yoti can assemble these relative prob- 
abililles into a vector (It you Ye thlnliLniJ of a'Y^ector" Erom physics, think in 
terms of a coluinn oE th? veclm''5 comprinent^, not n maijnLtiicle and ttireotlnnl 
tn kftFp Irack -nf thpm SA.'iLly: 
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l 

■> 

4 

r> 

6 

7t 

4 

1 

2 
[ 


Okay, now you're ge-ttfcng cloaer to ttie way quartum physics works. You 
have a vector of ttie prohatlUtlea that the dice w|l] occupy various states. 
However, quaniiim physics doesn’t deal directly with probabilities but rather 
wlthpnaiiflfi^V^aJJto^fttfrfei, which are tbe sfpiare roots of tbe probablMties- 
'J'(] EicLcI the actiiaJ [truhahiELty that □ jiarrlole will iu a certain state, yon add 
wave Juiictiuiis — wliicl] arc i^oirLiJ to lie represented Ly tliese vectors — and 
theo square tlieni (see Chapter I for iiifu ui] why). So take tlie square ruut ul 
all tliese eulries to ^el the probahilily ainpliludes! 

1 

1-^ 

2 

I 


TICT 


■n: 
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That's better, bol adding the ^qtjuirej «t al] these should add up ta a total 
prohahlllty ol ]; as It is now, the sum of the s^^uares of these numbers Is 3&, 
so divide each entry by or 5; 


zV 

/ ti 

/6 

V 

/6 


/ 


5^ 

/e 

S^/ 

/e 

/b 

2/ 

/e 

2-^/ 

A 

% 

/ 6 


^0 now ynu ^nn ijet the orobabdity of rollinii any cocnbination Irn-m ^ to by 
ir^Aritnij dnwn the vectinr — tbe prnhnbiltty nf rnLlinj' a ^ 'ft, nl mlling e ifi 

and so on. 


Making Life Easier ufitft Birac Notatha 

W]]en y[»Li h;tve sizite vector tltei i^vcf^ tJie iircJ^Bbility amjilitLide TltF^t a p^ir 
uf dice will beict tJicir vziriuLiii possible states, yuu baskiilLy have a veetur in 
dieesfUice —^al] the possible states that a pair ol dice can take, which is aa 
ll-dimensiona] space. (See the precediiigsectioii for more on state vectors,) 
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But In moat qtiantum phyalcs iiroblema, the vectors can be infinitely larj;e — for 
example, a movlnj; particle can be In an Infinite number ofitates. Handling 
larsfo arrays of stales Isn’t eaay using vector notation, so Instead of expllclllv 
wrltlnj^ out the whole vector each time, quantum physics usually iwes the 
notation developed by physicist Paul nirac — the fUmc or nofttfwn. 


Abbret^mtin^ state f/ectors as kets 

Dlrdc iiotatiurL abbreviates the slate vector as a kal. Like itiis: litf Lii the 
dice exdiitplc, you can write itic state vOetur as a ket tills way: 

K 




y 

A 


/ti 

/6 

.V 

/ (j 

A 

5/ 

A 

y, 


C 0 py rig hiect m ateri al 
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Here, the components ot the state vector are represented by numbers ln 
I ]-dimensional dice space. More commonly, howevor. each component rep¬ 
resents a function, something like this: 


1/ 

/G 

jK/ 

A 

t'/t 




/t 


/6 

“I 

A 

/ 6 

1 / 

A 

iK/ 

A 
A 
A 


i^Lki- 



Yoy can Lise functions as componei^Ts of a state vector ns long as they’re 
Linenrly indepeorlent ELinctLons (and so can he treated as independenl axes 
in Hilbert space). In general, a set oF vectors in HLIherr space Ls linearly 
mdepeiident if rtte only saJuricii] to rtic loLlowin^ eciLiatLon Ls that nIL ttm coel- 
fLcLedtfi = 0: 


V " Lt i s 0 


That is,, as long as you can't write any one vector as a linear combination ol 
the others, the vectors are Einearly independent and sn lorm a valid basis in 
Hilbert space. 



.Chapter 2: Enteringihe Matrix: Wnicome te State Vectors A0 


Writing the Hermitian cottjuqate m tt bra 

Foe ever>' ket. there's a coEreapondIng ftra. (Tht terms come from or 

iEwrtef. wtiiohshoold to clearer In the tipcomlng section tilled "Grooving 
with Operators,') A &ti:T Is Itie HerriltlaTi conjugate of thecorrespon^Jln^ ket. 


lSlipjiusc yuLi start witli tliis kaf: 


\Vf> = 

/ 6 
2'A/ 

/6 

n^/ 

/ 6 

5^/ 

/t 

/e 

2 / 

/{, 

/6 

/ fi 

1/ 

/fi 


TJte * Symbol means the comple?! conjugate. (A conjugalt; flips the 

sign con nee Ling llie real and Imaginary parts ot a complex nuinber.) So the 
corresponding bra, which you write as I, eqikals I The tra Is this row 
vector: 




r 6 


/& 


>y./ 

/e 


2/ 

A 


/6 




/ 

/fi 


5^/ 

/fi 


/fi 


/fi 




1/ 

/fi 



Note that If any ol the elenienls of the ket are complex numbers, you have to 
take their complex coil I ugale when creating the associated hra. For instance. 
If your complex uEimber in the Iset i& 0 t (h; its complex conjugate in the bra Is 
n - tii. 


TICT/. 


T-/fin| 
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Muttiitiffin 0 ^ras and kets: 

A proBalritity 1 

Vai] r;^ii takR tli^ iirndnct al raiir liu>l aricL [l^iior«[l aj; 4 ;T{j I iir?-, likF tliiR.; 


■i \<f \fi>s 




2 / 


.^v 

/€ 


/ 6 


/ ^ 


2 / 


/ 6 


2^/ 

/6 


% 
/ 6 


]/ 

/ti 

2^/ 

/6 

3^/ 

/e 

2 / 

/ti 

/ 

'/e 

fiV 

/Ei 

5y 

/6 

2 / 

/e 

3>^/ 

/6 

aV 

/6 

,■4 


T]ii£ ii ju£l niAtrbt niultiplicatJon, and the resull Js the ^anfie as taking Ihe sum 
of the squares of the elemenls: 



ur =-'-+ .2. + A + J.+A+A + J. + A + 

^ ^ lift :m; :w5 3g hg ufi lki :m; :« 3g ati 

And lhats thewai' It should be, hecatise the rota I probahI lily should add up to 
I. Ttierefore,, in j^enerai, rhe product of rhe tjra and ket equals i: 

< \f/ \ff> = l 


If tl]is reJatioit ttoldFi. tltebet It|)> Ls :;aid rn he. imimniizeri. 
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Cotferin^ atf your bases: Bras and kets 
as basisdess state t/eetors 

The reason ket nolallon, popular In quantum physios Is lhat It 

allows yoLL to work with stale vectors In a hasIs-Eree way. In other words, 
you’re not stuck In the position basis, the momentum ha&is, or the energy' 
basis. That’s helpful, because most o-t the work in quantum physics lakes 
place ii] ahstrarT ralculatioiis. and yoL] [Lon't waut to tieve to diatr aJl the ooin- 
puncEtrs ul state vtictuts tJiruu^i ttiusc calculalioiis (oltci] you can't— thore 
[nay be iiiliEtilo pusblbLo states in tliL; probJen] you'ro dealing wilti). 

For example, say that you’re represeettiyour states usiiij; position vectors 
In a three-dimensional KHbert space — that Is, you have y\ and ? axes, 
form Inga position &ajrs for your space. That's fine, hut not all yo-ti r calcula¬ 
tions have lo he done usln;^ that poslHon basis. 

Vau iiiay want tu, Eur cx^iiitplc, rcjircseiit yuur states in a tJirEzc-diiiLciisiuEtaJ 
[nunieiituj]! spate, witli EJircze elkezs Lm Hilbert space, p^, and p.. Now you'd 
ttavc tu cliaEttrc all yunr pus Ltioii vectors to inuEnenlLin] vectors, adjusl- 
uijj each tortipoitertt, and keep traek ot whit Juppeufi to every cunipojienl 
throui^l £il] yOur oalculatiOEts. 

So rtirac's tjra-kel notation comes to the rescue here —you use tt to perform 
all the math and then plug in the various components of your state vectors as 
needed at the end. That Is, you can perlorm your calctilations In purely sym- 
hotlc terms, withotLt belni( tied lo a basis. 

And wlteu yEloj uced to deal with ttte COEripOiiealt^ ul a kct. sucJl when you wajlt 
to ^el physical answer^, you caji also convert ket^ to n didereut basis by taking the 
ket’£ cojnponeEtts along the sx 6 s of dial basis. Foreiianiple. it you wajil to coEivert 
the kel I lo the position basis, as repieseEiled hy and ft, which are posiliOEt- 
onit vectors along the a; y. arid z axes, you can josl fiEtd Uie three compOEients cd 
1along! J, and it lor the new version of the ket, |[^l■. Here’s how that looks in 
general,, where 41^ are unit vectors In the basis you’re switching to: 

Understanding some refationships 
using kets 

IkCt notation makes the Euath easier than it is in niatrla form because you cao 
take advantage of a few niatheniatical relationships. For example, here’s the 
so-called Schwara Inequality lor slate vectors: 


ehRl 
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1^ ^1^' >1 si < #1^^ > 

J'Jiis liFiyii tliat rtic liciLiFarc of tlie abNoLute vaIlie oE Ehc prodiitjE oE Ewo litaEi: 
veclurb., I is Li:ss tiian ur equal Eu I TItis turns our tlie be 

th^ analog o( Ihe vector iJiequality; 

IA Bf £ |a|’|k|‘ 

lSo why Ls the Ik^hwarj inequality so- useful? Jt turns out thal ymi ran derive 
the Heiseuherg uneerrainly principle from it [see Ctiajiter I for more oe this 
pri[toi]]le). 

Other kot reJationsliips eeui also sienpLiiy your calculations. For iustauce, two 
kets, I 4T> and arc said lO be il 

a; i > = 0 


Aj]c 1 two keTs are said rt» he ortFNtnofinul Lf they tneet the foLlcwing ccuditiotis: 

< [(y|vf> = l 

< d)|p > = I 


With this Informal Ion In mlncJ, you^re now ready to Start working with oporalors. 


Groo</in 0 ufith Operators 

W'liat about all tJie calculations tliat you're supposed to l>e able to peHorm 
with kets^ Taking; Llie product of a bra and a ket, is line as lar as il 

goes, but what about evtractlng some physical qtiaatities you can measure? 
That's where operators come In, 


Hett&f operator: HoW operators vOork 

Here 5 the general deEinltion of art operator A In quantum physics: An opsm- 
Sm is a mathematical rule I hat, when operating on a keT, I tpe, transfr>riiis that 
ket Into a new ket, I in the same space [which eoulrl just be the oIrE ket 
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multiplied by a scalar). So when you tiave an oporatoi- A, It transforma keta 
like this: 

For ittat matter, the same operator can aLao trajiaturm bras: 



< \y \ = < 


Here are several ^vgmples of the binds of operators yoti'll see: 

HamihonlaQ {H): Applyiilif the Hamiltoilian Operator (which Jooks diller- 
ent lor every difterenl physical situation) yives you £, the enerijy ol the 
particle represented by the ket It^i^; E is a scalar Quantity; 


H w > ■ £ w ■> 


Unity or tdentily (1)^ The unity or Id entity operator leaves kels 
one handed: 

11V > = I ty > 

e' GrndJcnl (V)r TJie j;radLcnl Operator works like this: 

' lot <Jy' 5z' 

^ Linear momentum t^P);The linearnfioinenlLLm Operator looks Like Ihls in 
quantum mechanics: 


F hff > = - j W ty > 


Laplaefan (A): Von use the l-aplacian opernror,, which is much like a aer- 
nnri-ordRr EJrarfiflnt, to create I ha FOSTi^y-lindini; HamLiTonian cipsratnr: 

A*| fy ^ = a| v > ■-^1 vr >+-^| ty ?+^ 

' ' tor ' i)y' uz J 
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Ir SenergI,, mnUiplylni' njifiraTprs toSPtlifir is nut the J5ame indepRnrtenr of 
nrrier, Jio Eor IKf operators A and B, All * BA. 

And an ojitrator A is said tn be iinear LF 

Ci -H:j|^>J = 0|A|vf >+^^A|^r> 


/ expected that: finding 
expectation Oatues 



CtlvKn] rttat everything in (joantinn pitysics is [lone in tcriny ul i^robalnlilics, 
[ndkiii^ l^reJictiuns becunies very inipurtant. And tlic bijfi^cst sneli predletluji 
is the expeetatioii vaLne. The cxp^Lluliun l'isIuc oI an uperatur Is the aver¬ 
age vbJue that you wOiiLd Jiioasure if you performed the iiLeaSLirement [OAhy 
times. For ejumiple. the espectatlon value o( ihe Hamillonlan operator (see 
the preoedlng section) is the averajje energy of the system you're studying. 

The expectation value Is a weighted averatjie oJ the probahlliHes ol the sys¬ 
tem’s being In Its varlotis possible states. Here’s how you find the oKpeclatlon 
value oE an operator A; 

Rxpecratinn value 


Note that because you can express I as a tow operator and as a 
column vector, you can express the operator A as a square matrix. 

For example, suppose you’re working with a pair of dice and the probabilities 
pf all the possible sum^ fsee the earlier section 'Creating Your f>M'n Vectors 
iji HiJherl Spacc"J. Iji this dice cxaiiLpk, tJic expcEtitiuii vaJuo is a sum oE 
Eitiils, Euid each term is a value thaE Can be displayeiJ tty ittc dice. iiLulEiplJed 
by Ibc probability Ehal thaE value wiJ] appear. 

Tlte bra and ket wilt Jtandle the prohabitLLie^, so it’s up lo the operator itiat 
you Create for Ibis — call it the RoH Ofj^nHor. R — to store the dice values 
{2 through 12) for each probability. Therefore, the operator R looks like this; 


u 0 j .;y rii..]htcc! ni ctiisria.1 
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So to EiL^d the expectation value ol R, ^oii need to cakuLale IRI ip, Spelling 
that out In terms of components gives you the following: 
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[>ui]]g tJie iiiatJi, >'Ou get 


< ly k|^> = 7 
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So \\\e «ti>ectatlon valute or a roll <A the dice is 7. how you can see where the terms 
bm and Ae/ come Irom — they 'bracket" an operator to yive you expectation 
values, [n fact, the e^tpeclallO'n value Is such a common thlnp to (Ind that 
you’ll olten Eirid IR hp abbreviated as so 


Looking act Ummr &f^emtars 

Aj] Operator a js said lu be tim'uy it it lueLty the luJlovvini^ cOuditlojI: 

A(l;, I 4r>- + e\ I = C, AI I 4^^ 

For instance, the expression I is actually a linear operator. To see that, 
apply toaket, l5c>; 

You can also write this as 
< ty J>|^> 

The expression -=4/11? Is always fl complex number (which coiild be purely 
real), so this breeks down tu 

c\ 4 >> 

where c Is a complex number. Thus, lo>-:f I is Indeed a linear operator. 


0oitt0 Hemitian u/ith Hemitim 
Operators mel Arijoints 

The WerrtidfdOrr ad^trii — also called the arfjroj>jf or^^ertttfrfo/d coiijugcii^; —of 
an operator A Is denoted Af. To find the hermetian adjoint, lollow these 
steps: 

U Replace complex con^^nls lAdltli ihe]rconiL>]eK coitlng^to*. 

The Hermit Idin didjnlnt inE a romplex number 1;; the c^ninplex r^nnjiLi^Ate oE 
that niiinher: 


■ V.; -irr-Kv F'n^\ 
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2- R«plAce li«l» with their corre^pondtns replace t>ir«» with 

their o^irre«pon«jing ket». 

You have lo exchange the bras- and kets when finding the KermJHan 
adlolnt of an operator, so finding the Hermftlan adjoint or an operator is 
not Just the same as malheTnatically finding its complex conjugate. 

-J. Replace operator with their HeirmitiDn operaton. 

Ji] t|UELi]tuiiL niecbiijiics. Operator? I fiat are (Mtual to Ificir HercnLliELH 
adjoint? are caJJoti flemittias] In other word?, an operator i? 

Hennitlan if 


A^ = A 


Kerjjiitlan operators appear thrOui^iOut tJle hook, and tJiey havO spe¬ 
cial properties. For Jn?tanee. the ifiatriK that Fepre?ent? thcin may be 
dtosifMiairz^ii — that is. written ?o that tJie ojtly jio-ji^ero elejnents appear 
along iJie mat rot's diagottal. Also, the expectalioo value of a I [emiitian 
operator is goaranleed to he a real number^ not comple?! (see the earlier 
section "1 expected that: finding expectation values"). 

4. Write ynur final equatlnn. 



< 0 > = e p Aj^f 


Here are some relationships rnnreTnin^ Hermitiaa adjnints: 


i^[A')'=A 
^ [A + D^-A^ + D^ 


I t^[ABr = E'A^ 

^ (AR|^>)’ =<^R'Af 


Forufard and Backt^ard: 


Finding the Commutator 



The measure of how different It Is to apply operator A and ihert ff, versus ft 
aad then A. is called the operatnrs' rnnrmiifnln)'. Here's hirw yon define the 
rommutator nJ operatnrs A and li: 


[A. llj = AU - UA 
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Commuting 

Two opeialors with each other ht thek commutator Is equal to zero. 

That (s, It doesn't maifeanv difference In what order yon apply them; 


I A. B| =0 


NuEi: i]] i^zirrlcuhir that dciy upcraior cuiiiiitLircs u'ith itscU; 


[A. .^1 = n 


And It s easy lo show that the oommntator of A, E is the negative of the oom- 
miitator ol E, A; 


f.V bi--[R,ai 


It's also tme that conumjlatoi's are linear — tha( is, A(Cj I no * c. l^v) = OiAl v> 
c.,AI 


[A. B + C + D 4 ...] = [A. fl] + [A. CJ + [A. D] - ... 

Ajid thelfermitian adjouit of a coram iitator v^orks Lliis way; 

[a,bJ' ^[b'.ai] 


Voti can alsolind the antrcomiruitator, f.A, R|; 
^A. BJ = AD + BA 


Finding mthHemltian ryremwrs 

Elere's another oae: Wliat caji you say aboul itie I [ermitian adjoint ol the coni- 
[iiulator ol two I [ermitian 0 |>erators? Elere's the answer. First, write the adjoinl: 

[a,bI 


1'he deEiartinn oE coiaimLtatnr.'; tells you rhe FolLnwin^: 
[.A, b]' =(AB-BA)' 


Yon know (AB>^ - BW (see the earlier sectiorr "Going Hermitian with 
Hermitlan Operators and Adjolnts" lor properties of ad|olnts). Therefore, 


[ A B]' = (AB" BaV = E’A^ " A^B* 


riuT 
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Blit for Hei-mltkan oi}eralors, A ■ A^, so remove ihe ^symbols’ 
[\ y]' =(AlJ-liA)' =liTAf-A’Hf =i!A-A15 
But BA - Afl is just -[A. B|, su you Jiave tlie lulJowirii^ 


[a,cJ' - [a,bJ 



A arl^^ B hei-e are Hermitkan operators. When you tate ttie WormltJari adjoint of 
an expression and i^et the same rhlnjj tack with a neRative siRF^ l^ont ot il. 
the expression Is called (mrj-Wemur/oft, so the conunutator oF two viermitiar 
operators is anti-Herniitian. {And hy the way, the expectation value of an antL- 
Irtcjmiiliaii o]Jcratur is i^ararLtecd to bi; r:oiiLpli:U:l>' i[nai|frLary.) 


Starting from Scratch and Ending Up 
(ifith Heisenberg 

If you ve read rtufoush the last Few sections, yoti're now armed with all this 
new teehnolORy: HerinLtian operators and commutators. How can you ptn ir 
tn worfc^.' Vnii c^n rnme tip with the HFisenhftfff tincf^rtninly relation sl^rtinR 
virtually from srratoh. 

Elere's calculation Lliat you from a few ba&ic deliuition^ to tJte 
Elelsenberjr uncertainly relalion.Thie kind oC caloulalion shows liow mucJt 
easier iL Is to use tlie basis-less hra and keL nolalion than iFte full jnatrit; ver¬ 
sion dE state veetors. TFiLs isn't Ihe kind ot caleulallon that you'll need to do 
In class, but follow It ihrough =knowlnjr how lo usekels, bras, commuta¬ 
tors, and Hermit Ian operators is vital In the coming chapters, 

Thft iincErtainty in a mFasureiriEnr of the H^rirLtian operator named A ui for- 
mally ^ven hy 

.\A = [< A= >-< A>^)^ 

That is, AA is equal lo the square root of the expeotallon value oE A* minus 
the squared expectation value ot A. IF you’ve taken any math classes that 
dealt with statistics, this lofmtila may he Familiar lo you. Similarly, the iireer' 
tainty In a measurement uslnj; Hermlllan operator Ff Is 
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N[!w CDnsicIf^r rtiF apttmtam aA nncL ([tor tlit iiiioerti^iiiTiFF^ ari[[ □iiy- 
morcj, dELEl as^LiicLC thidr attplyiiij* njicl AU as Et^tijr^rEtr!^ you mcdSLirv- 
EnE^ELl vdlLJiJE ILIee; ttiisi: 

.\A = A - < A > 

AC = B - ^ B V 


Like any operator, nslnj; AA and AC can result in new Jtets; 
AA|v'>^|f i 
AB||y^ = |^ > 

tlere‘fi the key: Tlie Schwarz inetiLiaility (from the earlier seciiEia 
"Unders tan ding some relationships using kets") givea yon 


So you CEU1 see tliat ttic incguaLity sign. a. wtiLch plays a big ^rt Lii the 
Heisenberg uiieertaiEity rebiliui]. ttas already erept icLlEt the cjleulatiuEL. 

Because AAanEl aB are Hemiiliaa, is eciLiat Iri ei|j IaA* and ^ Irfr^ is 
equal to '■i\\ i AB'' t^.v Because AAi - AA (the delinitjoa ol a Kemiitian operaLE^r)^ 
you can see that 

TJiis taeajis llaat 


That is,, is equal to ^^aA*.? aeieI ^rci lEp ? is equal to ^AEi-?. $o you can 
rewrite rtie ^irtiwarr inequality like this; 

AA* X AB’ ^ \< AAAB > ‘ 


Okay, where has this gotten you'.Mt's time to hedovor. Note that yoti can 
write ■AA'VK as 

AAAB ^ ^ AA, AC ] e |{ AA, AC I 


C c py rig hted ni ateri al 
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Hpre. [^A, AU] = 4 tli^ ajiticomitLirArDr dF ilit c]j]£F:it(?rs A A ;)ii(j 

[aA. AllJ = [A. UJ (tlic cuniitajits ^A^ □iitJ SLibtnicr uut). yoLi 
□Ell] rEtt." tliiE □quEitiuii: 

AAAD = ^ A B J I-i{ AA, ABI 

Here’s where ihe malh yets Intense. Take a look at wFiat you know so (ar: 

The com mutator oF two Hermitian operators, fA, F?], Is anti-Hermltlan. 
I'lie expectatici] value oF an aati-HermlFian is ImaijiEkary. 

{aA. AiiJ is heriELitian. 

The OKpE^ctatiui] valui: uf a Ki:rj]iitlit[k is real. 

All tfiLfi means that you can view the expectation value ol itte e^juation as the 
sum of real ((AA, AB)) and imaginary ([A. B|) pans, so 

|< ,%A.^B>|* = 1|< [a, r]*!* + 1|{aA, AR}|' 

Ai]cJ because tlie seconJ tenii lhi the ri^tiE is positive of zeru, you ceui say 
tlial the luJlowLiiy is tFue: 

\< aAAR^ ' 


WJiewl Ftut now compare tFils ee| nation to the relations Flip From the earlier 
nse of the ^hwarz ine(|nallty; 

<AA*>iAB^ >>|<CAAA:>P 

Cojnbining the two ecjuatioua gives you this: 

< aa* AB" ^ 4 ^ 

4 ’ ’ 

This has the look oF the Heksenhern uncertainty relation, except for the pesky 
expectation value hracketa, and the Fact that a A and aK ap[>ear scinaFed 
here. You want to reprofluce the Heisenheri'nnrerTainTy relation here, which 
looks like this: 


u 0 py rip htsii in ateri al 
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Ofcay, sn how (Jo vgu EJtt Tlis lelt JiwLF of tlie (fciiiaTioo Irom To 

iAiU? titcause an (T-arJiLT ociLiation tells you rtiat iA = A - ■= As», yoo know tJie 
luLluwiii^: 

< AA* > = <A^+-=A>*- ^ Af 

TEikini^ Mll; Li^jjootation value ol the last terici in this equation, you ^et tln^ 
result: 

-^AA'jj^^A'+tA?*- 2 A-: A>j = <A*>-<A>* 


Square Ihe earlier equation AA = (^A^- ^Aj-)'-''Mci ijet the followinti: 
AA*=< A^>-< A>^ 

Ajid eoioparing that equation to the before it. you eonelutle tJiat 


■^iA’ > = AA' 

Cool. Thai resu 11 means iliat' ^ ^ ^ IH [ ^' ^ ] ^1 

<[a a]>p 


becomes 


This inequality at last means ttiai 
.\A-\H s ^|<[a •il>| 


^Vell. well, well. So Itte ijrkIliCI oI two uneertainlLes is greater tliail Or equal 
to Vi the absolute value ol the eojiunuiator of Lbeir respective operators? 
Wow. Is that the Heisenberg uncertainty relation? ^ell, take a look. In quan- 
tujn mechanics, the jnomentum operator looks like this: 

P a iiiV 

And the operator for the momentniii in the x direction is 



So what's rtiE eommulator of the X opomtor (which just rFtunis IKf jt prisL- 
tion oF a partielej and. |X. Pj = -^fi, srt from iAAB ^ ^ J^l 

£i 


■I I7^r^:jen3.l 
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this [t^xt ^uiiria]] (reinniiLl)^T. Ax anti ttc!r« are tl]4> i]ii(;i^rtaiitrLES in a antL 
not I tic upcralnr);): 

Hot tloy! That ii the Keiaenhei'g ynceriainiy relation. fNoUce that by deriving 
It Emm snratelt, hoTX'tver, you haven't actually constrained Tite i^hysinal wnrltl 
thruLii^] rtin Lisn oF al^srract iiLatliematics — yoLi've innreEy proved, llhIji^ a 
Few basic assumptiuns, rtiat you CEin't /naassm; tFie pEtysical 'M'urLtL witlt per- 
Fect accurn'LyJ 

Eiqentfectors attii El^ettf/atues: 

They're M^uratt^ Ei^entastic! 

As yon know iF you've been Followlni( alonij In ihkg chapter, apphin^; an oper- 
arur tu B kut can resull in a new ket: 

A|vr> = |4; > 


To make ihinio easier, yon can work with eigenvectors and eigenvalues fe^ige^? 
Is fierman For "innare" or ^namrarV For example, I Is 3" ejgpniW/lorol the 
openitor A il 

I [^ The iiulittier d is a cotripLex cuiistaiit 

Note whats happeninghere: Applying A to one oF its eigenvectors. gives 
you hack, (iinltlplied hy that eij;enyector’s eigentmlue. q. 

Although 0 esn be a complex constant, the elgenvalnes oF Hermirlan opera¬ 
tors are real ntimhers, and their eigenvectors are orthogonal {that is, ^ijrl 
= <]). 

Casting a prohlem in terms oE eigenvectors amt elijenvalues can make liFea 
lot easier because applying the operator to its eigenvectors merely gives you 
the same eigenveclor back again, tiiulliplied by its eigenvalue — there’s no 
pesky chajige of state, so you don't have to deal with a ditlerent slate vector. 



Copyrighted material 
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Talte a look at this Idea, using the R operator from rolling the dice, which Is 
expressed this wav In matrl:i form {see the earlier section "I expected that: 
Finding expectation valuca" for more on this matrix); 


2 0 0 0 0 0 (1 

0 3 0 0 0 0 0 

0 0 't 0 0 D 0 

0 0 0 5 0 0 0 

0 0 □ 0 G D 0 

0 0 0 0 0 7 0 

0 0 0 0 0 0 a 

0 0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 □ 0 0 D 0 

0 0 0 0 0 0 0 


0 0 0 0 
0 0 0 0 
noon 
0 0 0 0 
0 0 0 D 
0 0 0 0 
0 0 0 0 
3 0 0 0 
0 10 0 0 
0 oil D 
0 0 012 


Tlie R operator works in 1 l-diniensiojial space ajid is Elermilian, so there'll he 
II orlhogojial eigenvectors and 11 corresponding eigenvalues. 


Because R Is a diagonal matrbt, finding the eigenvectors is easy. You can lake 
unit vectors In th? eleven dltlerent direct lens as the eigenvectors. Here's 
what the first eigenvector, would look like: 


^.= 

1 

3 

a 

0 

0 

(i 

0 

0 

3 

a 

3 


rirn-^ 
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Aj]c 1 htrtf's wKar tlie strocicl nimfrivtrr-Dr, would laak like: 

0 
I 
0 
(I 
9 
9 
9 
9 
9 
9 
9 

Anti so on, up 

r 

9 
9 
9 
9 
9 
9 
9 
9 
9 
9 
L 

Note tJmt all the eitjeaveciors are ortliojfonal. 

AjitJ the ei}fenvalues? The^-'re ihe iiunibeis you yel when you afiplv the R 
operator Lo an eigen'Sector. Because llte eigeiwectors are just unit vectors in 
all LI dhtienslioiis, the eigenvalues are the numbers on the diagonal ot the R 
iiiatrk:{: Z,3.A. and so on, up to 12. 


/rin^ T^wi^.l 
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Understanding hew thetf Work 



The eigenvectors ol a WermIlian operator define a complete set of orthonormal 
vectors — that Is. a complete basis for iho slate space. When viei^-ed In this 
"el^jenbasts," which I? btiht of Ihe elyenvectofs. the opei'alo-T- in mairlx foi'mat is 

[Lia]jnnal and tttF etemeriti; alony tltE clizii^iinl of the inatT'LX are rhF ei^ejivalLiej;. 


Tl]Li arraji^eniciil Li une of tfie iiiiiiii masons wurtdctif witli colors is so 

Lisdul; your ofI^uieJ upcrutor may have looked somoittiii^ Like tJiis {Natei E^eur in 
[liiod tliat tJie clc[[iej1ts in asi OpcmtOr euji also Ltc loilctions, [tut just liuiithcrs): 


R = 

0010600300 00 
C) ] □ 0 0 E) () 0 0 0 □ 
4000 ]20 02000 
00U0007 OOOU 
OO6O6OOOSO0 
1030500000 a 
oonoooeooon 
00000009000 
C) 0 D 0 !) (L 0 0 0 0 77 
0000 110 0001 0 
007000 fifiOOOD 


By switch in^i tc? the basis ef eiiienvectors fc?r ihe operalor, yon dlaHonglize 
the matrix mto sumertiLn]^ mura like what you’ve seen, which is imich easier 
to work with: 

R = 

200000QOOOOOOO00000000 
03000000000 
00400000000 
0 0 0 0 0 0 0 0 0 0 n 
00006000000 
0 t) 0 U 0 T 0 0 0 0 □ 

oooooosoooo 

00000009000 
00000000 100 0 
000000000 110 
0 0 0 n 0 0 0 0 0 0 vi 
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You can soe why ihe lorin \s ai}phetl to elj;envectors — they form a 
natural basis for the operator. 

If two or more of th? elj^jenvalues aro the same, that eigenvaltio Is said to he 
ttesefwmfe. So for e^ampl?. If three eiKonvalties are equal to 6. then the eli(en- 
value C Is threefold flesenerate. 

Here's aoutfior cool iliirLi|! If two Honiiilian operatorb., A. ajid S. coiiLiciLite. aorl 
if A doesn't have ajiy deireneratL: oi^envaluus, ttroii uach eijjLiovecior ul A is 
also aji eitienvettor o£ B. (Sec the earlier scetioa “FonvanJ anti Backward: 
FindLiij; the Conunulalor" for jnore on comniulinj’.) 


Finitin^ ei^ent/ectQrs md ei^entfatites 

So^iven an operator In matrt:t Form, how do you Eind Its elj^envectors and 
eiRenvahies? This is the enuatron you want to solve; 

A|vf>==a|yi- 


And you can rewrite this equation as the following; 


(A-at) (y>=:0 

i represents The identity maTris, with Is alon^; its diagonal and (ks otherwise: 


f = 

[ 0 0 0 0 0 0 0 

(hi n I) 0 0 n q 

0 0 1 0 0 0 0 0 

0 u U ] 0 (t u d 

5 0 0 C I 0 0 0 

d tl [) ti 1 0 0 


0 0..J 
d (l„.j 
0 I}J 

I) (l.,i 

0 0..J 
0 o..j 


The solution to (A-trl) (>)»> ■■ 0 evists only if the determinant of the matrix A 
olLsO; 


det(A-ol) =d 
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Aj]y values ot o Lliat satisfy ihe eciualioji det(A -ii]> * 0 are eigenvalues of the 
Original etjuation. Try to lind ihe eigenvalues and eigenvectors ol itie foltow' 
Ing matrix: 



First, cojivert the matrix into the lomi A - nl: 


A - tjf = 


-1-a -I 
2 -^-o 


Next, find the d^lfirininant: 

rietCA-rtlJ ={-l -aX^-«> + 2 
dt:t(A-tilJ = r C 

And this can be laelored as follows: 


det(A - ol) ■ 0 - + ja 4 6 ■ (a * 2)fo + 3) 


Yon know that d elf A - nl) - 0, so the eigenvalues of A are the roots of this 
RC]i]aTion; namely, a | = -2 and (ij = -3. 


How about linding the eigenvectors? To find the eigenvector corresponding 
to [T, fsee the preceding section), substitute Oj — the Ibst eigenvalue, -2 ™ 

I n to I h e matrix in the form A - ah 

. . l-l-a -I 

-4-a 

-I 

-2 



(A-af) ty>=Ci 


So you have 


l -1 


Si 

a 

2 -1 



0 
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raw dF this icuirFix ^qmliai] iiLLii^t lit fnjt, you krow rtuit i{r|^ = 
i{Tj. And rEtat [noai]s iFutt. i]|? ro on orLiirraj>' iJuiisTaiiT. tlt^: (.Nifc[tvoc;tur currc- 
s [»ui Ldini/ to cf| is tJie lulJowicL^ 



F^rop tFie arbitrary constant, and Just write this as a matrlv; 

L 

1 

How about the elyeivector corresponding to cij.? Plugging a^, -3, into the 
malrloi In A -trl form, you got the following; 

A-u[=2 -I 
2 -l 


TJitu you Fiavo 


’1 

-1 


= 

i) 

1 

-1 

If'* 


0 


So - Vi = 3"^* Vi = Vg + teat means that, up to an arbitrary con¬ 

stant, t he eiclenvec tor C Otres pon cliniJ tO 0, iS 




1 

2 


Drop the arbitrary constant:; 
I 

't 


So the eigjehvaJues ol this neiit matrix operator 



-l 

-1 


Copy rig htect maferial 
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ar^ a, • -2 and ■ -3. Anti ifie eigenvector corresponding to a. Is 

I 

I 


Tilt tlyciivcctur turret iiujidlii-y tu a., 

I 

0 

Preparing for the ht/ersion: Simptiftfin^ 
With Uttitartf Operators 

Apt^Lying itre inverse of an operator ujidoes tlie work tJie operator did; 
A-'A.AA-* = I 

Sonielttiies, linding the inverse ol an operator Is helplnt. such as v/hen you 
want to solve eqtiatlons like = >■. Solvlni^ for y Is easy if yon can find the 
I nve rs e of A: jtr = A"*v. 

However, find ini' the inverse of a larije mafriji olten isn't easy, so cinanTnm 
physics ralenlations are sometimes Limited to wnrkini' with iinilary npern- 
tors, tJ, ivliere Itie operaror's inverse is equal To its adjoinr, U ' = IJt. Cl'o find 
the adjoint ol an operator, A. you find the irons pose by intercdangiog the 
rows and colunijis, A^ Then take the complex conjugate, A'"* - A'.) TIds gives 
you lire following ettiiatLon; 

U^L - LIU^ -1 

The product of two unitary operators. U and V, \s also unitary because 

[LIV}(VU)^ = [UV}(V'L')=-U[VV^)U’' =UL' =1 


Wlien ycniuse unitary r^perarors, kels and bras IraiisEorm rbLs way: 
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And you can transform other operators usln]? unitary operators Lllte this; 
A' = UAll’ 


Note that the precedlnj; equations also mean thefollowinR: 


= < (/|ti 



lf^A = VI’A^: 

Here are some properties or unitary transformations; 

I t' If an operator Is Hermitlan, then i|s unitary transformed version, A' = 
UAU^, is also Hermitlan., 


The eiifenvalUFS of A and its unirary transformed version. A' = IJAU^ are 
The same. 


Commiitators that are equal to complex numl>erfi are unchajiijed by uni¬ 
tary tranfilormalions: [A', E’] = [A, B]. 


Comparing Matrix anH Continuous 
Representations 

Werner Heisenher]^ developed the matrijf-orienteii view of qiianTLim physies 
that you've heen usin^so Ear in this chapter. It's sometimes called 
jneCitjcriT^.s. Ttte inarrix representalicn is fine for many problems, hut some- 
tijiies you liave to go p^st il, as you're about to see. 

One ol the central problems of quantum mectianics is to calculate the energy 
levels of a system. The energy operator is called the HatniiiiotHari, H, and 
finding the energy levels of a sysleni breaks down to finding the eigenvalues 
of the protilem: 

Here, E is an eigenvalue of the H operator. 
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Here's theaamee^njullon In malrlx lerma: 


H.-E 


Hl. 

H. 

-0 


H^-E 


Hj|| 







H, 



H.,-E ... 



The aLlowat>le energy levels of the physical system are the elyenvaloes F.. 

That's fine It yoo have a rtbcrete basis of elftenveetoifs — if the niimbei' of 
eneri^y states is finite, Byt whal i61 he ntimher of energy states is Infinite; In 
that case, yon can no inrger nse a (discrete basis for ynyr opfiratorfi and hras 

dniJ kicts —yuu u^c; ii biasis. 


eontinuaus With catcutus 

Representing fjuaittuin mechanics in a continuous basis is an invention ot the 
physicist Er^'iLtSclir&dinger. la tlie continuous basis, suinmalioas become 
intei’rals. For example, take the (ollowinj; relation, where [ is the identity 
matrix. 


It becomes the following; 


J tJfj U I ■ I 


And every ket I ())>■ can be expanded In a basis ol other kets, I o„>, like this; 




Homq the watfe 

Take a look at the position operator, R, in a continuous basis. .Applying this 
operator ylves your, the position vector: 

Rk r|v^> 


Tinn'^p. 
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In Xhii equation, a|>i}lylng the position operator to a state vector returns the 
locations, k that a particle may lie found at. You can espanel any Vet In the 
position basis LIVe this: 

Arfi this becomes 


iff>m )JV[r)| r > 



Here's a very Important thln^J to tinderstanfl: H'ff) “ ■'r ly- is the /Ij^tcftoft 
for the State vector iiJ - — it's the leet’s representation In the position basis, 
(Jr in com non terms. It’s iusi a EuncTlcm where the quantity I i|r(r} I-d^r repre¬ 
sents the probability that the partLcEe will he found in The rejJinE f/'ral t: 


TJic wave luiicEion is the loundaEion of wJiat's called wcitie fficcftasiscs. as 
opposed to iiiaErLx mechanics. Wlurt's important to realiife ia that when you 
talk about representing physical syslejns in wave mechanics, you don't use 
the basis-less bras and kefs of malru meclianlcs; rather, you usually use the 
wave function — that Is, bras and hels in the position basis. 


Therefore, you .i^o from talking about I i|f> to ‘ rl ig>, which equals yfe), This 
wave function appears a lot in the coming chapters, and it's Just a ket in the 
position basis. $o in wave mechanics, HI ig?- = Ej t() becomes the following; 


< r |h|v. > = F < r 


You can write this as the following: 
< r|njty E^y[rJ 


But what is '^ril 11 4 r>? It‘s equal Lo llT))(r). The 1 lam iI Ionian operator^ 11. is ihe 
total energy of the system, kinetic (p-i2f}i) plus potential so you jfet the 
following equation; 
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Blit ttie mo Rientiim operator Is 

' tor' Dy' dz' 


TJlOrdore. ^ub^titutii];; the iiiOiflCiituitt Operator lorp i^ivO^ yOu tJliS: 

NV(r) 


H = 


_f^*( n' ."iS n* 


2m 






1.15lri( tho IjpUcian operator, you pet this equarion: 


VoL] fan rewrite this eciiinliori as The folLnivin^; rhe.SirVjmrflrngp? (!vjijrr//ran): 

HK^j=^A|fr(f) + Vfr)v^(r) = E|ft(f) 


So iji the wave mecJt^aica vie\v oE Ltuontum pitysics, you’re now workiap wLtJt 
a difterential ec|uetioit irtslead of moltiple matrices ot elejnents. This all came 
from working in the position basis. v(r) - <rto> instead ol just 1 

The {quantum physics Ln the rest ol the book is largely about solving this dJl^ 
Ferentlal eqiralton for a variety of potentials, V{r>, That is,, your Focus ts on 
FlnflLnp the wave function that satisfies the !ktirodinj;er eqticitlon For various 
physiral syafems. When you solve the Schrodinper edtLarion lor 41(0, >'0L] can 
Find the atinwed energy stares for a physical system, as well as I Fie prohahit- 
Lty that the system will he in a cerlain position state. 


Note tliat, besides wave functions in the position basis, you caji also give a 
wave function in the inomentum basis. Tf(p). or irt any number of oilier bases. 



The Heisenberg technique of mafriji mechanics Is one way of working wlfh 
(quantum physics, and It’s best used for physical systems with well-defined 
energy states, such as harmonic oscillators. The Schtidinger way of looking at 
thin^f*:, wav? mechanics, tises wave Ftinptions, ni 05 -(ly in the pnfiitLoii basis, to 
reduce questions in qLianlnm physics rn a diEEerential equation. 



Part II 


Bound and 
Undetermined: 
Handling Particles 
in Bound States 


The 5**^ Wave Rich Tennant 



rHi-tin. 'AntitnM-teTf' -Sud 'U^rk 
Mte*ve rECjsntly discovered the EjCisi'ence 

viKick Appears td >iave mo 
effect om ilie i/miverse v^katsoever/ 










In this part ... 


M his part is wheife you Kel the loivdown on one ol quan- 
P tLiin ptiy^ics' Favurilc tajiics: soMiijf tlk«! LevilLs 

an^L u'a%'e luiictioiis Fuf particles topped in ^'a.^iuus boiuid 
states. For e^diiiple, you [ciay Ji^ive a paFtlcle Irappeci in a 
square weJI, wliieti is inucl] like having □ pea in a Lo^. Or 
you ihay have a particLt 'u^ liariaonie oseilLaiioii. I^antuiii 
physics i&e:(perl at liandLuij; tlicse kijids ol situations. 


Tiai'ec 




Chapters 







Ja lhi$ Zh&pv&r 

^ Linders potenli^L v^ells 

^ Working with mfinilfi square welLs 
^ l^etermininF^ enerijy levi^M 
► Trap|>lnif particles with polenllal barrier 
^ ] landLinjr (pee particles 


tJiat^ LjssLl;? Stuck in ai] cner^ well? Ctu j^ct help! La tliis cliap- 
WW ler, vou get lo see ttuanluai physics at work. solvLnj; problems in 
one dLnieiislon. You see particles trapped in potential wells and solve tor the 
allowable energy states rising quanttrin physics. Thai j;oes against itte grain 
In classical physics, which doesn't restrict trapped particles to any particular 
energy spectrum. But as yon knO'W, when the world gets microscopic, quan’ 
ttim physics takes over. 


EciLiatirxn rif rhe inani«!iit is theLScliroLlingar equatiuii (dt'rivf'd in Chapt«!r2). 
whLcIi l-ols yoLi soJvr Ecjr IKd wavu fnncliai], i|r(.jrJ, and thn nnargy levels, ii: 


^A|^(0^V[j>{r) = h>[r) 


Looking into a Sgmre Wed 

A is a porDitrlal (that is, a potential energy welL^ tliat forms a 

SLinare shape, as yuu can sec in Tigurc 13-1. 
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TJic putcjitiEiL ur V{jr), tu icLEicLlty dt ;ir = C) aniJ jt ^ a (iv'Iiltvj jt iy disiaiici:). 


Vti) = wkertA < 0 
V(ji) X 0, vifhere 0 ^ jc ^ a 
V(x) ^ 0=, whereX 3^ rt 

Ualnij sflTiare wells, ycjii can rrap parrldes, it you put a particle into a atmare 
weEL wirh a liniirecl amounr et enerfiy, it'll be trapped because it can’t over- 
Cpme the infinite potential at either side pE the s^tLare well- Tberetere,, the 
particle Jids to [nu^e instide Ittc :tc|OEirL: well. 

So does the particle just sort o( roll around oa tlie bottom of the sr^uare well? 
NoL e;iactJy. rtie particle is ia a bound state, and its wave tunctioit depejids 
on its enert^'. Tlie wave lunctJon isji't complicated; 



sin 

cr 


nvnqn'B^;:: 


1 j 


‘rin.l 


K? = ]. 2, 3 
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So you hi3ve ihe allowed wave funcllons lor the stales u ■ 1, 2,3, and so on. 
The enen(y ol the allowiihle bound stales are fjlven by tbe followLn.ci equation; 

E = -^^fr rt = l. 2. 3... 

The T'esl oi this chaptef shows yoti how it> solve problerns like ihkg one. 


Trapping Particies in Potential Wells 

Take a look at tlie potential in Figure 3-2. Notice the dip, or Ln the poten¬ 
tial. which (iieans that particles cait be trapped in il if ihey don't have too 
much enerpy, 

The particle's kinetic enerpy stimmed ivirh Its potonilal eneri&' is a constant, 
eqngl In its total energy: 


If its total energy is tess than V|. rtie particle will be frajiped in the ]]otentiaJ 
well, you see in Hgure J!-2; tu get oliI uI rtie well, the parlictGa fcmelic enn^gy 
would have to become negative to sall^Jy ihe equationj, winch is intpossibte. 
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In thii section, you take a look at the various t>ossIble states that a par' 
tide with energy E can take In the potential given by Figure ^-LQuantum- 
mechankally speaking, those states are o£ two kinds — bound and unbound. 
This section looltsal them In overview. 


SfWfiff panicles in p&tential a^etts 

Hntfnd hgopen when the particle isn’t Iree to travel tp infinity—it's as 
simple as that. In other words, I hi: psrtide is ounliiied to the putentiaL well. 

A panicle I raveling Ln the potential well you see in Figure 3-2 is bound If 
Its energy. E. is less than both ajid V^. [n Hint case., the partlele 
between jr, and x,. A particle trapped in such a well is represeoled by a wave 
function, and you can solve the Schrtidinger equation for the allowed wave 
Functions and the allowed energy stales. Vpu need to tise two houndary con¬ 
ditions fthe Schrodinger equation Is a second-order differential ec]nation) to 
solve the problem complolety. 



Bound states are dlfscrpri? — That is, they form an energy spertmm oF discrete 
energj' levels. The ftchrodinger equation gives you those states. In addition, 
iji onc-dlmcnsiunal prollcjiis, the energy levels o( a bomtd slaic are not 
degenerate — that is. no two energy levels are the same in the entire energy 
speetrum. 


Escaping fwm potential u^etls 

If a particle’s energy, E, is greater than the potential V, In Figure 3'2. the par¬ 
ticle can escape from the potential well. Thore are iwo possible cases: 

Vj and K > Vj, This section looks at them separately. 


Crtse ?: Etier^^ betufeett the Mo ttetentitfs < f < J 

If Vj < E t Vj, the particle in the potential well has enough energy to over¬ 
come Ihe barrier on the left but not on the right. The particle Is thus Free to 
move to negative Infinity, so Its allowed a region Is betweenand .r,. 

Here, the allowed energy values are cnntiriiLoiis, not discrete, because the par¬ 
ticle LinT cnmplFtel^' bmind. I'he energy eigenviili leji are nnT degenerate — 
that Ls, no Iwo energy eigenvalues are Ihe same (see Chapler 2 for more on 
cigciivatues). 

The SchrWLnger equation is a second-order dillerential equation, so it has 
two linearly Independent solutions; however, In this case, only one of those 
solutions Is physical and doesn't diverge. 


-riRl 
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The wave eq uall on In t h Is cas e tii rns out to oscillate for .f < an d to decay 
rapidly for a > Aj. 

Ca£^ 2: Eaer^^ greater than the higher ffeteatiat 

If E Vj, tJlO particle LhOmld at eiIJ and free to travn:! frOia iiei^^tivi: iilliil- 

ity to positive iitfiitlty. 

The onerjjy spectrum Is conllntions and the wave function tutns out to t>e a 
Stim of a function movlnj^ to Ifie right and one inovlrigto tde lofl.The energy 
levels of the allowed spectrum are iKerefore dotifjly degenerate. 

That's all the overview yoti need — time ro start solving the Sctirodlnger 
equation For various different porenrials, starting with the easiest of all: infi¬ 
nite square wells. 

Trapping Particles in Infinite 
Square Potential Udells 

I nf In Ite square wells, in w h Icti the wal Is go to Inlinily, area favorite in phys Ics 
problem?. Voti explore ttie quantum physics taite on these [jrohlems In this 
-■i fiction. 


Finding a veane-functhn equation 

Take a look at the inlinile square well that appears hack in Fii|Ure 3-L. Here's 
whal that square welLlook^ like: 

Vi;x) -m K, w h ere x < 0 
V(j) * 0, where 0 < jf ^ a 
V(.r) = 50 , w h ere .r > fl 

The ^chrtktLni^er eguatlnn looks like This in rhree riimensLnns: 
^Aur(r)+V[r)v{r)sEty[r} 

Wilting out the Schrodinger equation gives von Ihe Following: 

u r; py rip h i ec: 111 ciiisri a.1 
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You're Interesled In only one dimension — .t tdlstance) — In this chapter, so 
the Sellrodlnger equation looks like 


Because V(jf) = [) inside the well^ the eiiualLon Ijeeontes 


2rn rir* 




And in problems oE this sort, the equation is lisliaIIv written as 

where fJt Is the wave ntimher). 

So now you have a second-order dIriereiitlal equation to solve for itie wave 
function ol a particle trapped In an infinite square well. 

You get two Independent solutions because this equation Is a second-order 
dlfferenHal equation; 

V, W = A sinL^) 

= B cos^t.rj 

A Euitl li are cons tan ts titai are yci to he determined. 

The gen eral sol ution of id x U f J*') = la the sum of f p I (-^) ■ 

A ■ 

- A sln(ftj!r^ * R coaf^j) 


Detemmttf tAe tet^efs 

The equation ■n\[yj = A sin(^,ji-'j ♦ R cos{*-r> tells you that you have to use the 
huLiridary EoiiiJitiuriii to iuid. the oujistEmts A And. It (iIlc preceding secliuii 
Lsplaliiii Jiuw to derive tJie equatiun). Wtiat are the houiidary eoiidltioiis? The 
wave lunetiOi] mu^t disappear at the boundaries of aa inlinite square well, sO 

I 1 , 1 ( 0 ) =0 


eriRl 
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'J ht^ fdc^t that = 0 t4>lls y-QU ri^tir away rtiat bf muat l)t> zara bec^ause 
cos^Lt} = 1. Aail tJ](.‘ Jaut tJiat ri^lL; you tliat = A = 0. 

Because siue is. zero wticii Its aryuiaciit is a lEiuLtiple ul tttis lueatis tliat 

ka V ftT n- I, 3,3 ... 

Kole that although rt ^ 0 ks tectirrlcally a solution, il yields 4rf0) ■ 0, so It's not 
a physloal solution ■= the physical solutions begin with n * 1. 

This eqtiatlon can also be written as 


rr-l. 2. 3... 
a 

And because ft- » SnjF/a-, yoti have the tollowlny equation, where n ■ I, 
3,... — those are the atioweb enerjty states. These ai?e quan tired states, 
correspondinfi tO the quantum nun hers 1, 3, and so on; 


2mF. _ tT*jr^ 
ft" fl" 

F.= 

2ma^ 

Note tJiat the (ir^t pttysleal state eorrespuiids to n = 1, wtkiLl] gives you itiLii 
ne\t equation: 

This is The lowest ptiysical state that the particles ran nrciipy. .FiLit tor ticks, 
put some numlteFs into this, assujiiiitg that you Jiave an eLectron. mass 9.11 x 
10^" kilograms, coittiited to an inlinite stiuare well o( widtJi ol the order oi 
Boitrmdiui (the average radius oi an electron's orbit in a tiytlrogen atom), 
about LO'i^ meters. 


F.= 


Hiweg yon this enerfiy for the ^fround state; 

2rrKi’ 


{] 05 X LO"" )" (3.14)" 
2fS.ll X 


= 6.00x10 '’ Joules 


-riRl 
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That's a v^rjf small amouni, about i.G electron volts feV —itie amouni of 
energy one electron gains falling through 1 volt). Even so. It’s already on the 
order of the energy of the ground state of an electron In the ground state o( 
a hydrogen atom f 13.^ eV), ao you can say you're certainly in the right quarv 
trim phyalcs ballpark now. 


the fmetim 

Okay, you havo thi:^ lor tJic wave ei|,LiiilLi>Ji lur el partlEle in an iiilJiiitu SLiuar-i: 
well: 


^{[r)=A 

The wave (unction is a sine 'vave, going to Eero at .r - 0 and jc - o. You can see 
tho first two wave functions plotted in Figure 'i-'i. 


Flflun 3']; 

Wave 
lundions 
in a squara 
well. 



iraj^'rinJ 
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Normalizing ihe wave funcllon leta yon solve lor the unkno^m conalanl A. In 
a JiomraJ'djerfliinctlon, the probability o£ finding the particle belween jr and 
ftr, -dx, ad da up to I when you Integrate over the whole aquare well, 
ji' - 0 to Jf - a: 

l = ]\v{x}\'dx 

« 


Substituting for vC.v) gives you the following: 




Here? what the integral in this etination ernials: 

So from the previous equation, I = |A|'|^j. Solve for A; 

ThflTFtorfl, here’s The normalized wave equation with Ihe value of A iilu^eri. in: 

And (hat’a the normalIzed wave lunctlon for a particle in an Infinite square well. 


Adding time dependence 
to »>«&€ functions 

Now Jiow about seeing Jiuw itic wave iunctio]] lor a particle in an iiiliiiite 
square well evolves with time^ The Schrdtlinger equation looks like this: 


Tinn'K 



2m 
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You can also write ihe SchrSdSnger equation this way, where H Is the 
Hermitlan Hamiltonian operator; 

That's actually the ^//rM^Vt^lepe/itteh^SchJoclinRer eqtiation,The ti/ne-({epen(fef\i 
ScliruiJiii^er equation looks likie ttkis: 


Cojnbirtiag the precedh^jr three equations ^ves >ou tite foLLowln^. which is 
anollter lorm o( the tijne-dependent Sctir^dJn^er equation! 


FA^iy(r, t)=-^i^(r, ^) + Vfr, f)vf(r, i] 


AjJtl hecaufit you're dealijij; with only one dimeosion, j, this eqnattoji 
becomes 


= 

TJiis is slmi^ler tlian it looks, however, because the potential doesn't chani^e 
wilh time. In laci, becanae £ is eonslant, you can rewrite Ibe equation as 

That equarlan makes lile a lot simpler— it's easy To solve Ibe timEHtependenT 
LSclirodiii^er equation il yoLiYe ilealinij with a ronstant poteiiTial. In rbis rase, 
t]ie solnlion is 







Neat. Wbeti the potential doesn’t vary with time, the solution to the llme- 
depenclent SchrG(llnj;ei- equation simply becomes the spatial park multi¬ 
plied by e"'’’ \ the time-dependent patt. 
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So when you add in the time-dependent part to the time-independent wave 
function, you get the time-dependent wave function,which looks llkethia: 



rr=], '1. H ... 


The eneri(y oE (he nth quantum State is 




a, 3, 3 


Sfllfr- 

Therefore, the resun is 


n.flV 1 rr=l, 2, 3 

^ ya J I, tr J k 2sHti‘ } 


where (.T!p| r J = 


Shifting to symmetric sHu^re 
u^eft pptetitiats 

1 'he st^ndArd inEiritte !;r]iLAr(? iv^ll IddIui likF thi;;: 

V(jt) = lie, where X < 0 

m 0, where 0 £ jf li a 
V(j) r-jc, w h ere a > a 

But what II you want to shift thlngg so that the square well is symmetric around 
the orij;in instead'^ Thflt Is, you ino\'e the square well so that it extends from 
-“/± tn Hpre's ivhal the new infinite square well looks iilie in this rims: 

V(X) = ro, whEra X < -‘/s 

V(jf) = 0 , wiicrc -'/i £ j i ‘fi 
V(ji) ^ 40, w h ere r > 


You can translate from this new square well to the old one by adding■■/> lo J^i- 
which means that you can write the wave ftinctlon for the new st^uare well in 
this equal Ion like the lollowlnj;: 
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Dolnj; a little trlj; j;ke5 you the following equations: 



So as you can see, the result Is a of sines and cosines. The bound states 
are these, 1n Increasing quantum order; 



Aj]cJ so un. 

Note tJiat the cusiiies arc syiiiiiLctrie aruuniJ the o-riilict: TJie 

sines art Eulti-Syimactric: -v(-Jr) = 

Limited Potentiah Takina a Look at 
Particles and Potential Steps 

Tnily infinite potentials {wKLch I disetLss in the orevious sections) are hard 
tu cujiie by. In this Ecctiuii^ you Lunk al some real-'wurLiJ e^caniples. wIictl; 
the i>ateittiaL is Sal to Some iiiiite jmt iahnity. Fur example, take a look at 
tJie situation in Figure TJiere, a particle is traveling inward a potential 
step. Currently, the particle Ls in a region where V = 0. but il’ll soon be in llie 
regioji V = Vf). 

'I ' py iTi^Lrtriyil 
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J 

f- 

n- 

V 

L 



Figure 3-4; 


A patential 

jf 

stap, E > V,. 



d 


There are two casea to look at here In lerma of E. the enerjjy ol ihe partIclei 

E 3. V^: Claaaically, when E > you evpect the particle to he able to con¬ 
tinue on to the region x > 

E < V^: Wltai] E < V,.,, yuu'ct i‘i[|)ecE tito jiarrlclc to Luuiico hack anti not bo 
able lo ^ol to tJio rc^iui] x > LI at all. 

|ji tliia section, you Start by takuig a look at the case witere the parlLek'a 
energy. E. is greater than the potential as shown in FliFLire then you 
take a look at the case where E ■= V^. 


Assuminq the particte has 
p{entq of emrqq 

Start it]] ttie eaao whore the pariLole'i^ e'rLecg>', E. is greater Itiaii the poten¬ 
tial Eruni a r|ua]]toiiL pttySicS puiiit ot view^ Jlere's what tJie SehroClLngcr 
et^uation would look like: 

ii*r» 

I k' For the re^oD jf < J + ® 


Here, if; s 
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Far tlie rt^lon jr > = 0 

In ihli fquatlon 

In other worrii, k is lo vary tjv rejiiion, as you see In Figure 3-5. 


F^on 3'S; 
Thf value el 
Jr by region, 
whora 

E>Va 



Treating ihe flrsl equation as a second-order dirFereiitlal equallon, you can 
see that the most general solution Is the lollowinj;; 

- Af**' -'' * where Jf < 0 

And lor file report jt > 1], saJvLn]^ the second equatiai] tilives yon Itiu;: 

T^-JX} = Ife "* ■'. where .r Cl 

Note tJiat er^"' repres LEiis plane wavti traveliiijf in ihc fa- dircctiou, Euitltr'- 
represents plane waves traveling In the-x direction. 
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W^at this solution means Is lliatwavei can hit ihe polenllal step from the 
left and be either transmltled or reflected. Given that wav of loolilngat the 
problem, yon may note that the wave can be reflected only going to the right, 
not to the left, so n must egtial ^ero. That makes the wave equation become 
the following; 

I [^ Where .r < fl: + tJtf '-*1* 

Wbm # > C: ^.^x) = Ce‘%® 

The term A.e-’'''-' representfi the incidejit wave, is the rellected wave, anti 
is tJie iransmilted wave. 

Cahufaiiit^ the prehahitit^ ef ref{ectiifrt vr traasmssieti 
You Cart calculate the probability I fiat the particle will Be rcflccteJ or trans¬ 
mitted through the potciitiaJ step by caLculatinir the and frranswi/s- 

SdOrr cosffii'L'fenfs. If the ref tec led current density, i, is ihe incident current 

density^ and I, is the transjnitted current density, then R. the reflection coeC- 
heient is 



T, the transmission coefficient, i& 



You now have to calculate J„ J,i and Actually, that's not so hard — start 
with if. Because the incident part of the wave Is the Incident 

current density Is 




th 

2m 




if 




rfjt 


And This just equals 



, Jr and J|. work in the same way: 
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So you have ihls tor the reflection coetflclenl; 



T, tJie tr^[L!i[nissJuii coi'dlLciciit, is. 


T i l£l!. 

■ ■ Kf 
Ar C 

So tiuw du yuLi Ij^Lirc Out the Cuiisisiits A, duiJ C? Yuu do Ifidt as you iij'ure 
Out ihe coeifLi^ieiiti with tJic iiijiiiitc square well jititojitial — wLtJi boundary 
cortditLojifi (see tlie earlier section “TrapiJintJ PartLcles Ln Inlioite Square Well 
Poteutials"). I lowever^ liere, you can't necessarily say that j^oes to ^ero, 
because the L>oleitlial is no lonjrer iitfinLle. Instead, the houndaiy conditions 
are that v(jf) and r/o(jf)/rir are conlinuoijs across the potential step's bound¬ 
ary. In other words, 

I i^iP,Cri> = V,m 

You know the following; 

Whrte x^if . ViC'^) ■ + Bf-"'''' 

Where # > fl: 

TherfiEore, pluiij;ini; Itiese two equations into ^Jives ymi A K = t!. 

And p lugging them in lo [ 0) e [ (J) gives you 

av ' ttv ' 

Solving tor B In terms of A gives you this result: 


rnpyrigfTOi iraj^'rial 
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Solwlny for Cl n terms of A gives you 


C = 


2k^ 

+ 


A 


You CAW tlion A Jroio the iiormalLz^tioii coiidiiioo uf the wave 

funetloji; 


But you dow'l aetu£illy need A. because it drops out ol lire ratios for the 
reileelLojt ajtd transmission) eoettieleols, Rand T.In particular^ 



Thenetore, 


j_ 

[A,+A,j' 

That's an LnterastiriiJ rfwult, and. it [IL;aEfrE>fls with cLa.saLraJ phyaLrs, which 
says Tliat thr’re shnuJd no particLe rE!lJaclic]ii at all. .As yoi] ran see. it ^ 
rttaii ttinre will iticlred he jiartirle reFlrctioti. 

Note tliat as goes to Rgoes lo 0 and T goes to ] . whieh is whal you’d 
expect. 

So already you have a resti]! that diflers fron the classical — the [>ai-tlcle can 
be reflected at the potential step. Thai's the wave-llke behavior ol the pa^ 
tide romijiiJ into play ajjair. 
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Assumirt0 the particle doesn't 
hat/e enough enerq^ 

Ofcay, n.[w try the castt wliern t < V,. whtri tlierE’s ;t potential sin]], as sKown 
ui ]''ij'UFt; 3-(>. In tiris case, rtic particLt: rlocstt^t liave t;]]auiftt t^tinn^y to maku il 
ijitu ikc rej^Lun x > acEordiiijj to clasEioaL pkyEios. wJiat cjUELiitu]it phvE- 
itts Itaii tu say aboul it. 


i 


F 


O 


F^on 

A pQtf^nlial 

3lep, E tVj. 


TatkJe the rei^jon jt 1 1] fLrsl. Tllere, the SehrSdintjer ei^uatiOii wuultl Jooli 
Like tliifi: 


jy, 

dx* 




wkere ft, 


* _ 2m\L/ 

' - ‘ 


You know Ike eolotJoti Lo Lhis Irom t]ie previous discussion m potenlial steps 
(see 'Limited Potential: Taking a Look at Particles and Potential Steps"): 


. T^'jeriRl 


^,[jf)=Ae*^ + Be 


r<(l 
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Okay, but what about ihe re^;lon j > 0? Thai's a dlllerent stoi>'. Here's ihe 
Schrodlnger equations 




(wtierejir >0) 


But haii^ oo; E- ihaii zoro, which would insiic k iina^ioary, wlticli 

ioipo^^ible pliysicalLy. So change tJie Jn the ec|uatioo from 

pLu$ io ahnus: 


dx^ 




jr>(t 


Ajjd use the lollowuij; tor (iiete lhat this positive if E *; V„): 


Okay, so new ymi havs To soIvr ttiE> rliFterenrial 


solutions; 


(where jc > OJ '['KerE ArF twn liriEarty indspsncisnl 




Anri The EiEnEral sniiitinn To 




(wliere jf ? 0 ) is 


-Cp+ 

However, wave functions must be Unite everywhere, and the second term 
is rlfiarly not Finite as .t ijoes to intinity, 0 must equal zero {note that IF x 
i^oss rn nei'aTivfi inlinily, the first Term also rtiver^ies. hut bEcaiisR the poleci- 
tiat sTe]] is limirEci lojr > (i, rhaT isn'r a problEmJ. I'herelnzE, here's iKe snLu- 
tiuii For jr e LI: 


-V u^TjoriRl 
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So your wave functSons tor the two regions are 
If I (x) ■ jr ■: 0 

iPgM = jr > (1 

Putting this In fermi oF the Inclflenf, reflected, and Transmitted wave fimc- 
tiuiis, nrXjrJ. and 't'lCv), you Fuvo tJio Jul lowing: 

I [^ ifix) = 

TvX.x) Ce-'^'' 

Fiaitirt^ tffjttstnliiiett aad tefiectivti ceeffictetits 

Now you CM ligore Out tito rolleoiioji £Uid truns mission coellioLenis, R ajid 
T (as you do (Or the case £ > in (he earlier section “Assuming the particle 
has plenty o( energy"); 


Actually^ this is very easy in this ease; lake a look at J,: 


J, 


il\ 


x) -L_ 




dx 


But because i)j..(.r) - Ce^--', Is completely teal, which means that In this 
case, the following Is true: 


j 

' ZfTl 




ilx 


And this equation, ot course. Is equal to sero. 

lSo ThflrFlore, T = 0. IE T = U, tFien H imuit sfiiLiil 1. That means that yon 
have a romplFte reflFctioa, ii];;r as in rhF rlassicaL snJnTtnn. 


The tffitfzprv seiottiftt: fiWftrf apprticfe ittx >0 

Despite the complete reflection, there’s acllfferenee between the mathemati¬ 
cal and classical solution; There actually Is a non aero chance of finding the 

uopyrighieo maierial 
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l}ai-t]cle In Ihe region r > 0. To seo tTiat. take a look at the prohabLIIty density 
for jf >0, which Is 

Plocisinfi in for the wave hinctlon v.tj} filves voti 
P(r)= li|r.^.v)l*= ICIV^V 

You cait use ilie cojitinuily conditions to solve (or C in terms of A: 


r^T(),(0> = V,C0) 


LfsiriJ the rnntiniiily conditions ijives yoLi Th? loiiowin]^: 


P[^)=[cff^“^ = 


4it; A 


Til is does (all quickly (o icero as j yels large, but near jt = 0, il has a nonzero 
value. 


Yoti can see what the probahllity density looks like lor the F ^ case or a 
potential step in nRjiire^7. 
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Okay, you’ve taken care of Infinite square wells and potential steps. Now 
what aljout the case where the potential step doesn't extend out to IrtlnUy 
hot is Itself hoimtied; That brings you to pofe^tffcrf fjorriffn, which I discuss In 
the nevt section. 

Hitting the WeAU PartUies 
and Potential Barriers 

What it the particle could work its way through a poteotial step — that Js, Llie 
step was ol liniiled extent? Then you’d have a potential barrier,, whieh is set 
op somethlnjif like this; 

I t^ V(.t) = 0, where jk- < fi 

V(.t) = Vp, where il jr £ o 
V(jr) = 0, where r > jt 

You can see witat this potential looks like in Fi^re 3^. 


V 



Copyrighted material 



Chapter J: Gettirtg Snick in 


Energy Wnlls 79 


In solvljijp the SchrodInyer equation lor a potential barrier, yon have to ton- 
sider two cases, correspondlinf to whether the particle has more or less 
energy than the potential barrier. In other words, if Els the energy ol Ihe 
Incident particle, the iwo cases to consider are F > V,j and F ^ V^, This section 
starts withE> 


Getting through potential 
harriers when f > 


|ji the case where E ^ the particle has enough energy lo pass [hrougli the 
potential barrier and end up in the jc > a region. This is what the Schrddinger 
equation loots llkei 


For the vv^onje ■: (It + = (i 


where fr/ = 




Far the inegion D <. X £ flj ^ (jf ] + jf) = t> 


where = 






Fur the region a,-) t j H 


I where Hr.* = ^nnE^j^, 

The solutions lon(i|(-r>. v,(a), and are the following: 


Where a < fl: ViC^r) ■ 4 

p'' Where 0 £ a £ a; t IlKr'^" 

Where a > a: t Fe-'^-’ 

li] Eect., PecaLise ttiere's no leftward rraveJing wave Ln the a > □ region, 
J'' = C), so 


r 


nvnqin":?:^ 


1 j 


"‘rin.l 
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So how do you dotorjnlne A, E, C. D, and E? You use the continuity condi¬ 
tions, which work out here to he the following: 








Okiv, trotn these ecjuations, you gel the following; 


A * R » (.1 + r) 

P' jA|fA - R) = - D) 

ikf.ir’' - - dH:.,Der"''" = 

So t>utLi[ig all of these equations together, you get this for tJte coellicient E Ln 
terms of A: 

E = [ Ak,k^ cos [ k.a ) - 2d {Hf. * + Hf/) sin (ilj^td}}' 

Wow. So what’s the irons miss ion coefficient, T? Well, T is 



And this works out to he 


T 



v-v 




I 




Whew] Note That as goes lo k.„ T goes to I, which is whiil yoii^d eMpect. 


r-nipyrigii'Bti iT3:wial 
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So how about R, the refkctSon coellicknt? I'llipare you tTit algebra: here's 
whalR equals; 



Von can see whaitbeF > probabinty deniiiy, I vU)!* loolts like for tbe 
potential barrier In Flj^ure 3-3. 


Figure 3;-3; 

l4j(jrjhnr 
a pot^nlial 
barrier 



That completes the poTential barrier when H ?<! V^, 

Getting through pvtemiat (famers, 
eOen ufhen G<V. 

What happens If tbe particle doesn'l ha'fo as mueh energy as ihe polenlLal 
of the barrier? In other words, you're now facing ihe situation you see In 
Figures-in. 
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Now Lhe looks like Ihis; 



Bui novi' £ - V, is less Lhan 0. which would niake Jk imafFinary. And t hail's 
ijnpoGsible physically. So ch^inge the eigtt in the Schr^dlnger ec[uation 
from plus lo tninus: 

And use rliLs lur *,: k* = )/ ^ 

■ - /Sj\ 

tw For thft iffiglon j > a.- j = 0 

where if * = 


C c py rig \tm m afisri al 
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AJ! tl]iF^ that rKe sdltitit^tiF^ lor antL arn tht EolLowitty: 

Where .r < fl: I (jfJ = + Btf 

Whrti^ 0 < jf ^ o; 'f-W ■ + Df‘"-■^ 

Where a: > o: + Fe"^-'' 

In fact. t h ere's rro leftward I ravelin ^ wave I n the reglort a- > a; F ■ 0, so 

'] his situatini] is similar to the rase wltere L > V^, exrept for ttie re]Jinn 
n £ JT a. I'lie wave EEittriiott oscillates in ttio reijiuns wliere il lias jiositive 
rttrryy, jr U aitd a > a. but Is a deuayitty expurLctttlitI iii ttte reyiurt 0 ^ jt £ a. 

You can scl: w liat the p roba b iJity dejis ity, t(j(xJ looks like in Fiytire 3-11. 



Figure 3-11; 

l4j(Vl|-1er 
a patential 
barrier 
£cV, 


a 


j 



Fitting the ref(ectiett attd tr^tfimsstea ctfefficietttt 

Elow about the ref tec Lion and transniissioh coefticienta. Ft and T? lEere'e what 
they equal: 
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As you may t:ipect. you use the conllouily con<Jltlons lo determine B, and E.; 

dty. 
t£x ' 

e' = ((f/ti) 




fix 


A lair bit uE dl^cbra and tri^ is iiivulvcd in sulviiij^ lur R dctd T; ttur4:'s wliat R 
A[td T luni Out 10 b{^L 


R = 


ft,A, 


sin/] 




^ COS ft' 








sinft^ (ft,oi 


T e4 


4cos/i’ [ J l- 




sii]/]* ^ft.o] 


riespire the equation 3 compleKily. It’s amajinmhal the expression for T can 
tje nonzero. Classicfllty, oartides can't enter the lorlji-rlclen lone B j £ n 
hRcaiisE El < Vj|, where V^, is the potential Ln that reijinn; rtiey just rion't have 
enoLi^ ener^ tn make it into that area. 

Tunnettn^ through 

Quantum mechanically, the phenomenon where pari Ides can f^et through 
rejJiojis that they're classically forbidden to enter is called mnnffiing. 
1'nnnelin^is possible hecaiise in quantum mechanics^ particles show T^ave 
properties. 

'I'nnneluij* is one ol tlie cnost exciting rL>snlls ol quatituin jihysics — It cneacts 
ihiil panicles can actually gel tJirough classically (orbidden regions because of 
ibe spread in their wave functions. This is. of oouise, a microscopic ellect — 
don't try lo walk through any closed doors — bul il's a signihcanl one. Among 
other effects, tunneling makes transistors and iiilegrated circtiils possible. 

You can calculate the transmission coelficlent. which lells you the protj- 
ahilily that a particle gets through, given a certain incident intensity, when 
tunneling is involved, l>oing so Ls relatively easy In the preceding section 


‘ V.; i7^^jn>nRl 
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because Ihe barrier that the particle tias to get through a a square barrier. 
Blit In general, calculating the trananlaslon coefficient Isn’t so easy. Read on. 

Gettirtg trfttisatisshrt v^ith tfti WKB afipnuntaatiifn 

Tire way you geuerally i-alculate tftc traits nri^^loii coefCiciuoi ii- to bri:ak up 
tJre polecttial youVe worfciirg wLtIr brio a ^ucces^ioa ol square barriers ajril to 
Sum [Jieni. That’s called the Wenizf^i-KTUfti^TS-BntkHiin 0^'KE) apprOMlnralion — 
treating a general potential. V(.v). as a sum of square potential barriers. 

The result of the WKFl approjflmatlon Is that the transmission coefficient For 
an arbitrary potential. for a particle of mass m and energy R is given by 
this expression fthat Is, as long as Is a smooth, slowly vatylng ftmctlonT 


T- exp 



d>c 


So now you can ama^e your friends by calculaliug the probability that a par¬ 
ticle will tunnel through an arbitrary potential. It’s the stuff science fiction is 
made o( — well, on the microscopic scale^ anyway. 

Particles Unfrourtd: Sottfiaq the 
Schrodin^er E^mtiott for Free Particles 

What about particles autsitle any .square well — that is, free jiartLcles? I'liere 
are plenty of particles that act freely in ihe universe, and quajUujn physics 
has something to say about them. 

Here’s the Sctiridinger equation; 

What if the particle were a Free particle, with V(.t) ■ 0? In that case, you'd 
have the following equation; 
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And you can rewrite this ai 

wltLire the wave nuiabcr, k, is ft* ■ 

PJ*' 

You can write the tienural solutloji to tJiis ScKr^dintjer equation is 
H}(x) =. Ae'’^ - Ee-*^' 

If you add tlme-dependence to the equation, yon yer this tlme-clependent 
wave function; 


JT, J ] = A + R evp| ik>r - j 


Tiiat's a solution to the Sctirddinger equation, but It turns out to be unptivsi- 
cal. To 5ee Ihlj, note that for either term in the etittalLon, you can't normalise 
the prohabtllty density, li|f{jiOl- fsee ih? earlier section ritled "^■or^lali7inR 
t he wave func t ion"* lor more on norma lirinR}; 

l4ftj')l*= lAI” nr IRI" 

Wliat's yoinii on here? The probabLiity densttyfor iJie position of the particle 
is unitoriD LhroughouL all fn otlier words., you can’t pin down Lite particle 
al all. 

This is a result ol ihe form of the time-dependent wa^'e function, which uses 
an exact value loy the wave iiumbey, if — and ^ ■ ftif and E ■ fik-l2f}i. So what 
that entrarton says ts that you know R and jo exactly. And If yon know p and R 
evacdy, that causes a LariJio nnoertainty in j' and t — in laot. jc snd fare com- 
pLetely uncertain. I'hat doesn't cnrre.'ipnnd to phy.'iLea] reality. 

for that matter, The wave EiincTinn i(j(jrX a.s it stantLs, isn't R-nmettiin]^ you 
ran normalize. 'J'Tyiii^ T[» normalize the first term. Fur exacnpie, j'ives yun this 
iiUei’ral; 




Anri lor the lirst term nF T(j{jr, :y, this is 


J ip(.^)ip-{a-)rAf = |Af JlJt- 


eriRl 
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Aj]c 1 tli^ samt is trLia [»E tht± stroctd temt In fj. 

So tJ-u yuLi iJu litre tu jfet a iitLysio^l pdrtielo? TJit iitst stctluji tK|i!aiiiE. 


Betting a physical particle 
With a Waite packet 



H you have a number oJ soloMonj to the Schifodiope-i' eqiLarlon, any linear 
roiribmatioik of TEiose! scJiiTLods u; also a saJiirLon. So tliat'E TttE! key to j^etliii^ 

A ptivEieol iinrtieJe: Vau add varioLUi wave fuiictioct); to^tiJitr su IIiaI you ^tt a 
ctaoef packet, wliieli ui a cuJIeoliori ul wave luiiotioria ol the Jurm eucIl 

tJiat ifie M'avt (iiuetiLnis iiitiTEeit cuiistnictively at oue Lu^tmii and Eiiterfert 
deslruClLveJy (yo to zero) al alt OtlkCr locations: 


V-(r. 

■-I 


This ts usually written as a contlnLioos Inte^rah 








(fp 


What ()'■• It's the ampHtude oE each compoaent wave ftmctlon, and you 
can Eind from the Fourier transform of the efluation; 








r-"^i 


'fix 


Because P = p;fi, you can also write the wave pactel efumrions like this, in 
terms of p. not P: 


J) = 



r} 


{2,f- 
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Wel I. you majr te ai kfcn g yours elf Just w hat's go Ing on he re. It loots I Iko 
(|r(jf. 0 Is deflnod In terms of f). fiul 0l>, f) Is tloflned In terms ol v(x, f). 
Tfiat looks pretty circular. 

Theanawor kg that iKe two previous eqtiatIons aren’t detlnitlong of uCr. 0 
or (pC/j. fl; they're jtist equations relating the two. ‘V'oti're tree to choose your 
uw]] wave [racket sttape your^cli — lor cicaiitplc. >'uu lEuty specify tlic sJiape 

+** 

uf 0 , ^rtJ vf [ Jc. -f J = — I—p- J [ ft. r) dft wOuJd let yOu fiitiJ i|r(jr, I). 


Gom^ through a Gaussim example 

Here's Eul Crcaiitpl^ ict 'which yOu get COiiCrete. ScleCtictg edI EictuaL wave- packet 

stiapc. Choose a stxalLed Caussiau wava packet. 'E>-]i]clt you can sec in 
Figure 3-12 — localised in oue place, ^ero in the others. 



The amplitude iK^f) you may choose for this wave packet Is 


^|ftl = Aexp 


[ft - 1 ■T' 


/ 

/■t 


You start hy normalizing 0{^) to determine what A is. Here's how that works: 


=]|i(*)|' 


iift 


flobsTLttitiug In gives yoti this equation: 
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Dolnj; tTi^ Intej^ral (that meana looltlnglt up Ln math tables) ylves jfoii the 
Folloit'Ing: 



TJltredOre, A 




So tiort'ii VDur wiivt luiitMoii: 







Til is lit lie ol an iategral can be evalualetl lo jjive you tlic folloi^ iag: 


So that's the wave f^mcHcn tor this tlaussIan wave packet (A'^ct.-The 
evpis the (Russian pert that ijives the weve pecl<et the distinctive 
shape thet yfrii see in Kifjiire 3-12) — e ncl it‘'s elrestly nprineli^etl■ 

Now you ran imE this wsvf packst FiirirTion to riFtfirminp ths protwhilily that 
iJie |>arlicJe will be iii, say, the rej;ion 0 ^ .v^ '/t Tlie probability is 



In this case, tFie Inlc^tal is 



Anri this works nait to he 



So the ptobabilily that tlie particle v^ill be Ln the region 0 ^ jcS is 'ft. Cooil 
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^opyrighiGd Ti^jfvhql 



Chapter 4 

Back and Forth with 
Harmonic Oscillators 


la Thh Chapter 

^ ] la[iii]lonianj; L«oliinjr aL tot^l 

^ SDlvlni* fnr fmeryy stsrRFi wiTh rrsation anrl annihilatinn opfrarnrs 
^ the niafrix version [>f hai^inrtni? O^cillafor 

^ Writing cojnpuler code lo solve the Schr&dinyer egiiatioii 


Jn annofiic {MciHaton physics setups with periodic motion, sticlias 
w i things bouncing on springs ortick-tocklngon pendulums. Yoti'rc prob¬ 
ably already familiar wiih harmonic oscillator problems In the macroscopic 
arena, but now you're going microscopic. There are many, many physical 
cases that can be Approxlmritetl hy harmonic osclllatorFt, such as atoms, in a 
crystal stnjcturF. 


In this chapter, you sec bolti e-tacl sulurlons tu hamiunic oscillBtor problems 
as well as coniputatioiial mcthoiJs fur sulving tticm. Kiiowiag how tu bulve 
tJle ScJirudiitger eriuatioa using computers is a uscluJ skill Jor aay tjuajltum 
phys Ics expert. 


Grappliti^ With the Harmonic 
OscfUator Hamittanians 


■rirl 


Okay, lime tu start talking HaiiLlltuiiiEuis (ajid I'la nut rclerring tu Fans uF tlie 
U.S. Fuuiidiiig J^alhcr Alc^aaJer HaiELlltOii). TJie HaiiLlltuiiiEU] wilUetyuu EinJ 
the cacrgv levels of a sysicin. 
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ctassicut With harmonic osciUathn 

In classical tcrma, the lorce on an object In harmonic oscHlallon hs the follow- 
Int! {this la Kooke’a law); 


J' = -ftjf 


In tliib. i:L|LiBtio[L, k is ttic s^iriii^ constEiiit., iiJc^tsurL^L jii NK^u'tocLs/mctcF, aniJjr 
is diE}jJEicc;]3i(M]i. The key jjuiiit here Js lliiit tlie reslurinif Eun:e uii nliEitever is 
u1 JizLriiLOalE [hutiOct Ls prLrtFOFtiunal tO its disi^lEieeiiteiit. In Oltier wOrds, tJle 
fartllCr ydu a &|^riil^. itlC hariJcr it'll pull back. 

Becatise F * /pfU; where m is the mass o£ the particle In harmonic motion and 
a ia Its Instantaneous acceleration, you can substitute lor F and write this 
equation as 

iTiu t = C) 

Here's the eqLeiliu]] (ur ict&ldCLldcteuus deeeJer^itiuii, wtterejris dispkeeineiit 
and r i^ lime: 



So s ti hs t ituH ny foe a. you caTi row rite the lofce eq tiaHon as 
ma + ftv = ^ + fee = 0 

rtlvicJing by the mass o£ the particle jjives yon the lollowinjj!: 


fi\x , kx 0 

dl^ 171 7TT 

If you talie Vw, - a? (where m Is the anynlar Frequency), this becomes 

+ iu*jr = U 

rilr* 

Yon can solve this equation lor .r, where \ and F are constants: 




j = A slnui^ 1 B cosftif 
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Therefore, the solution Is an oscillating one because It Involves ^Ines and 
cosines, which represent periodic waveforms. 


Understanding total energg 
in oscillation 

Now look at liarcrioiiic oscillaturii in [luaiituici Icniis. Tlie ffuarr/JO/id'urr 

(H) is the Sum of kinetic and potentiat ejier^ies — the total enci^y o( the 
system! 

11 - KE + PE 


For a harmonic oscillator, here’s whar these enerytes are equal to; 


The kinetic enen&' at any one moment is the Follow in;;, where p is the 
particle's momentum end ar is its mass: 


KE = 


Ini 


The panicle’s potential ener;;y Is eqtial to I he Follow in;;, where ^ is the 
^prm i; consrAot Andjc is display nment: 


I s 

■ fiVare,- The JV cancels out because m 

Therefore, in quantum physics terms, you can write rhe HamilTonLan as H = 
Kli PL, or 


H 


-^ + -aTteX* 
2 rn ^ 


wFicre F ajitl X are tlie inomciitucn and pusitiou operators. 

You can apply the Mamilloiiian operator to various eigenstates (see Chapter 
S for more on eigenstates), of harmonic oscillator to ;;el the total 
energy, E, ol those eigenstates; 

H ^ I ly ? ^ “ | ly > ■ > 
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The problem now tiecomes one of flndlnj; the eigenstates and eigenvalues. 
However, this doesn’r tom our to he an easy task. Unlite the potentials 
V(jr) covered in (Chapter 11, V(,jr') fora harmonte osoitUEor is more cemjileic, 
rfependini^ as Lt does on jT. 

lSo yon tiave lo he rtever. I'he way yon sotve harmonic ORcilEarnr proliJems in 
[[Liaiirum physics is wiTit npcralor algebra — rtiaT is, yon intmctuce a set 
of operators. And they’re coming up now. 

Creation and Annihilation: Introducing 
the Harmonic Oscillator Operators 

CreatLoo and annihilation may snaind like l)ig make-or-hreak the universe kintts 
nf ideaii, bill rttey ]]Jay a starring role ist tJie quantiim world when yon're work¬ 
ing with hariciujiic oscillaturs. Vuu use the creation aint ajinihilatiijui opcralors 
to suLve harmonic usciLlator problems because doing so is a c lever way ol 
ftatidhiig the tougher l^amlllonlan equation (see the preceding seetion). Here’s 
what these two new operators do; 

Crealloi) oportlar: The creation operator raises the energy level of an 
eigenstate by one le^'el. so 11 the harmonic oscillator Is In the fourth 
eneiT;y level, the creation operator raises ll to tho fifth level. 

Annlhllatfon operator; The annltiLlation operator does ttie reverse, Inw- 
erittg eigenstate); one level. 

Tliesc upcralors make il e^isicr to solve for I he energy speetruin withemt 
a Lot OE work solving Eor iho actual eigenstates, lu other words, yOu CEUi 
Linderiiajid the whole euerg>- specirum by looking al the energy difference 
hetween eigenstates. 

Mind ymr p^s and ^*s: 0 ettiit^ the 
ener^if state etpiatiom 

Here’s Jiuw peuple usually solve Eor the energy speeiruin. Plrsl, you ittlro- 
duce two new Operator^, p aiid t;, which are dLmen;;Lmlless; they relate to the 
P (momentujii) operator this way: 
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You use ihese two new operators, f> and as ihe basis of tfie aiiiiltillallon 
OOerAlor, t?. And tho crearlon operator, fl'r 

Now y[»Li ran wril-c: tJi4± hamoitic o!ifillator HamilrDniacL like? this, in trirms oE a 
act J rT^ 


As Eor or^atin^ n^w nperarnrs ti^rc, Tli^ quantum pliysirLsts want crazy, even 
i^iviu;' a name lu ti^a: tlie iV or njjrn-ht'^' Su liern's how you cau write 

tJio l-UiiiLiltu]]Jaji; 

The hi o]]erator letuTrLS tlie n/Jinbfu oi Tlie eneryy levet ol rtie liarmnnir oscLt- 
Lalor. II you denote the eij'cnsrdtDS of hi as In^. you ^el this, where rr is rtiD 
numbor oE Eho nth stale: 

NI rr^ = n Inj 

Because H ■ + Vi), and because HI rr> * E., I hen by comparing the 

previous two equations, you havo 


F., = Jn + i jhrot n=i),l, 2 ,,, 

An]azi]]};Ly, t]iat ^rives you Ibe euerg>' eigenvalues ol the jiLli stale of a quan- 
tujii raechoaieal harmonic oscillator. So here are the energy stales: 

The ground state energy co^responds to n - C: 


Coovrighte'O maierial 
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l ilt!' lirst FxcitticI stiitt'- 




The second eveItetl state has an enerfU' oF 

E,= |;ird 


Ajifl SO on. TKat Is, tFie eneri^y levels are tlIscifete anti nontlegen^tvite <ncit 
sKared by any two states). Thus, the eneiffiy speetmm is matle up of eciiiidis- 
tant hajids. 


When you Fiave the elj^enstates (see thapteif 2 to Find out all about eifien- 
states), you can determine the allowable states oE a system and the relative 
probability that the system will be in any ol those states. 

The commutator oE operators A, B is | A, EJ] = AE - HA, so note that the rnm- 
mutator ol a and is iFo^ FollowI ii^f; 

[d, u'J = |[v + Ff>. 

This Is equal to the Eollowlnj;; 

[^, o'] = -|[y + ^-r[fl,p] 

1'his equation breaks down to [o. = 1. Arid pntfintl tn]Jether this equation 

w ill] H=/rtu^ N -H ^ yt3u ijet [o. h] = /Ftud and [a', h] = -ftaia'. 
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Ftn^Ttn^ the ff A\ti> 

Ohav. wilh liiS: c«inmulalor relatjons^ youVe ready to go. The lirf t question is 
if the ener^ry of slate Ij-j> is E^, what is the energy ot the stale al rr^? You can 
write the energy ofalrj> this way; 

H{nln^> 

= (nH -Jrfljrr)l rtv 
= (t„-fi[uKrTlnp-> 


So a I is also an eigeostate ol t lie Itaroton ie oscJlIator, with energy E., - 
not E,. TItat's why a is called llte annihilation or lowering O|>erator; ft lowers 
the energy level of a Itamionic oscillator eigenstate by one level. 

the ertety^f ff 

So wfuit's rtiE Fiiergy oE Vou can writtr tltai ran likrr tliiFi: 


== (tr^H I- flftja') n > 

= (E^ + ft*j)[iT'|n>) 

All this means that n’ !«> is an eigenstate of the harmonie oscillator, with 
energy E„ + J>w, not Just E^ ■— that Is, the operator raises the energy level ol 
an eigenstate of the harmonic oscillator by one level. 

Usiii^ a and directt^ 

If yoLi've been, following along Irom the preceding section, yoti know that 
H(,fTl = (t„ - firu)^rrl and H(a^l rT>J = Ijia). You can derive The 

lullawiiig Irom rhc rhcsc cquarioiis: 

I i^alj]^ = C fi- l> 
tj' I rT> = [?l w t Is 


Copyrighted material 
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C anti D axe positive constants, bul what do they ecujul? The stales I rf - 
and hn I > have to b e w h Ich m eans that t - 11 rr - ] a- - 

I L l> - ]. So take a look at the quantity uslnj; the C operator; 

Aj]cJ btcause In - W is [loniiaJiziJtJ, tn - I n - l> = 3: 

(■:ji rr>J = C' 

■^rr 10^01 ITS =C® 

But you also know that n'u = h', the energy level operalor, so you j;et tJie tol- 
lowlng equation: 


N where ft Is The enerfjy level, so 

n<.n In* = C" 

E low ever,, rr I rr^ = I, fiO 

n - c- 

This Finally tells you, from oln> = C.:i^7 - 1?^, that 

n|j]i=iT’* ln-l> 

I hat's nool — now you know liow tn lisf tliF lowering operarnr, a, on flijiRCb- 
sLates ol the harmonic oscillator. 

What about the raising operator^ o'? Following the same course ol reasoning 
you lake with the a operator, you can show the following’. 

a^|rr^*(rt+ 1 )’^ In vl> 

So at this point, you know what The ener^^' Figenvalues are anri how ItiR rais- 
mg and lowering operarnrs aEEeol the harmonln nsoiLlalor eigenstates. Vou've 
made quirF a lot oE pmgrFss, usiiig tlie a and o' □pFrator.'; instFarL ol Trying to 
solve lEtc ScELFOciinger cquaEioii. 


CoDvrightcc! material 
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Finding the hatmonic osciNator 
ener^if ei^eastates 

'J he rtt;?rm ol lif^Lh^ the Diieratar.q □ A[t(] Lq tliai ^vect the ^niniid F^rare, 
these epcniturs let yuu ticLcI all successive ciieri^ states. If yuu want ru liiid 
act c\cLted state ul a liarcnujiic uscLl later, ymi eacc start wiltc tlie ^roucciJ Fitate, 
11}>. ajid ap-ftly itce raising ujjerator, Fur exaenp-Le, yuu can clu tills: 


|l> =u'| 0 ^ =|]^ 
»'|2>=^«'|l> = ^(a')> = 


AhtJ so Oil. In jjeneraJ. you hiive this relalLon; 


Working rn position space 

Okay, f} > ]'|o > Ls (ine as (ar as LI goes — but just wlial is I0>? Can't 

■^'n! 

you 5 spatial eifienstatt of this ei.i^eovec tor? ^omethinf; like HJntJr), not 
just l()>? Yes, you can. to other worrit, you want lo lind ^,rl [t> = nig^jr). So you 
need the reoreseatations oE o aud in position space. 


Tlie fi operator is defined as 
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Eipcausf P= yoi' can w^riifi 


-ih d_ 

y^dx 


\ mflcu) 


Aj]c 1 ivriticLiJ jcq = |, tiiis l)tK;nmf!s 


D = —- - = ~ix 

^ - firff 


(fhr^rt?) 


Ohay, whal aboul the a. operator? You know that 


LT- l((5fH-jp) 

Mi 


Aj]cJ iliEit 




Therefore, 




Vuu can aLau w^ ritc itiia cqLutiuii aa 


ui 






Otay, JO that’s a in the position representation. What's fl'^7 That toms out to 
he ihb; 
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Now's ifie time to be clever. You want lo solve for I0> Inlhe [josltlon space, 
(jr Heies the clever [mh — when you use the lowerinR operaror, o. 

nn I ^l■^, ymi have to i?et <1 because (here's no lower state then the firohnd 
s tate, so n M] > = [t. And applyinj; The ^jrl bra ijives yon ^r I o 10 » = ft. 

That's clever hcrausc it‘s jfoinjJ to ijive you a hoirinj^encniLS diltereritiaJ equa¬ 
tion (itiat is, one that ettnals zero). First, you substitute lor ij.- 


^ a" 


^ jr 




0>=O 


x,j2 

Then you IKS < jf|() = jrJ: 






(tn 


E! 0 


Miiltiplylnj; both sidles by gives you the following 




iix 


cfVoix] _ -vtyjaj 
c!x 

The solution to this compact differential equation Is 


That's a gdussJEUI luiiotiOii, su ttic grouiid state oE a Linaiitniu iiieuliEuiical tiar- 
mojiic oscillator is a gaussJan curve, as you see iu Figure 4-1. 
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F^un 4-1; 

The ;jreuiid 
d 1 a 
quantum 
machanitial 
lufmoric 
oscillator. 



Fin^Ttn^ the fmcti^ti ef the state 

An Curve, Lhe jrrouLid ^tate cf a guantujn oscilLalar \i Ttri,(jif) = A 

I low can you fijjore oul A? Wave furiclioiis iiiusl be norrtlalized^ 
5* the lollowinj; lias to be true; 

i = ]K(*)|V* 


LSiilj^tltuticL^ Eoru.j(jr) ijiveFi you this rt^xt ^qu^liai]: 



Vuu can evalualc tJiis intc^al to be 

1= A*] j tisr = 

Therefore, 

1= A*:r^r, 
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This neans lliat th^ wave function for ihe groimd state of a ^itjunlum 
mechanical harmonic oscillator Is 








Cool, Now you've not an exacr wave function.. 

A Uttte enpitewtsHt: tAe first eatcitsd state 

Okay, the prececllny section shows vou wKat iHsCr) looks like, What about the 
first e^tclted stale, ^|i Wei I, as you know, ip, ^ = vxl l > an d 11 > » 10 >, so 

(IT, Cjk'l = -O' 10^ I f}i 

Anri you know That is the fotlowinjJ: 





a 



Therefore, = •^y fl'^IO-' hecomes 








And because ^ you yet the following ei^ualion’ 




] 







C opy rig hted m ateri al 
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You also know tTio followsig; 






evp 



Therefore, ^) beconn es 

l-^D 



What's look Jike? You Cirt £aC ti o£ i|ri(jr') ih FisrarC 4-2, whare it llis 
one notJe (lr£u]£]tioii throij];h the .vaxis). 



Pw^ln^ tfie secoHft ejtcite^ state 

All rifjht, Ktjw e-hont linciin^ end so on',' Yoo oar find ) Erom fhLs 
ec]i]^tion: 







E_. C:p^Tig^TC:: P 
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Substituting for o’. tJi^ equation becomes 


fiermttff p€t^itomti(h to fitut ew/ferf stAte 
You can j;enerahze the dirfereiillal equation for like tbls; 

To solve this general differential equation, you make use of tbe fact that 


LH tile nrlk iienutia poiynonrai, whLrii Lh deEinnd IIlLh way: 




H[>Ey inaekprci! Wlial do (hn tierm its iJolyjiomiaLs look like? Hsre's Hn^jcj, 
aiul su on: 

l■l|(A■> = 2]r 

K.fr> * - 2 

H,(.t> --Elr'- 

I 12 

H-(A> = ;jzy'- I6f>^' -r ]2tiv 


Wliat doeii this bay you? You can enijress the wave Eunctioas lor iiLrantani 
mecliaiiiCEiJ ItamionLo oscillators liki: this, using tba haniLlte iiolyiiomial^ H^.r): 


where Jfp = 


r 




Tinn":-.^ 
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And that’s wtiat the wave function looks like tor a quantum mechanical har¬ 
monic oscillator. Who knew It would've Involved hermltc polynomlats? 

’Voti can see whal iHijfJf) looks like in Flpure -l-J; note that there are two nodes 
Kero — In Hcneral, for the harmonic oscillator will havo n nodes. 



Putting in some numbers 

TJie prCCodin^ section i^ivos yOu ^Ktl yOu’vC already solved tor E^,, iu 
you’re on top ot harmonic oscillators. Take a look at an example. 

Say that you have a proton undergoing harmonic oscillation wHh cn ■ t.SS:^ 
I &■' sec"', as s hown In Flgu re H. 


Figure 4-fl; 

A proDan 
underyaing 
kimurie 
iJsrlllatjDn. 



nvnqin":KC; 


1 j 
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W 1 


WJiat are the eL^erj;les of the %'arlous ejiergj-' levels ol ihe proton? You Itiiow 
thar in general, 

t, =^n + -i jflitj rT= 0,1.2... 


So here are the energies oflhe proton, In niegaelectroii volts (MeV): 
w' F„ = ^ = 1.™) MeV 
F, = 3^ = 1.5n MeV 
^ F, =^^ = 7.50 MeV 
b^E, =^ = 10,50 MeV 


Anti so on. 

Now what a hoi It rhe wave h mol ions? I'he ^neral form of ) is 





-JT*/ 


/W 


where ,v, 


■(; 


VI 

/ J 




5ciXa = 3.7l>< lO’^nir 


Convert all length measiiretiienls into fern to meters (I Itn • I x 10 jii). j^ivios; 
yon .Yp* 3.71 fm. Here’s Hfuf-v), where > ks measured In femtonielers: 






-exp- 


, /27.S 


Here are a tiiai>le more wave imiolions: 
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Looking at Harmonic Oscitfator 
Operators as Matrices 

BCi:£]us4> tliO li^ritiailLc it^-LilUlur lias rCj^Librly' spacod Ci1i:r^ Ilvi:I^, ptupLi: 

Lt in torms ol vfUich can make Ihini,^ slmpli^r. For e^am- 

Iht loJlowini,^ may the ground stat^ eLi’envector (note Itiat & an inli- 
nile veclor): 

|0 >« 

I 

0 

0 

(3 

0 

0 


And tlii!^ may lie tlie lirst esrltcd state: 


|l^ = 

0 

] 

0 

n 

0 

0 




TTpri-l 
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And so on. Tfie N oi}eralor, which Just returns the enerjjy level, would then 
lool! like this: 




^■ = 


0 

0 

0 

0 

0 

] 

d 

d 

0 

9 

2 

d 

a 

0 

0 

3 

(h 

(I 

u 

d 

9 

0 

0 

d 


So N 2> jjives you 


N|2>= 


» 0 0 0 

0 

0 ] d d ... 

d 

0 d 3 d 

1 

0 0 0 3... 

0 

(h (1 U d 

0 

» 0 0 0 

0 


■ 
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This is ^qual to 


N|2^ = 


9 


9 

9 

0 

0 ... 

0 

t> 


Cl 

1 

U 

a ... 

a 

2 


9 

9 

2 

0 ... 

1 

a 


9 

9 

0 

3 ... 

0 

(i 

cS 

Cl 

9 

□ 

h 

i) 

9 


0 

9 

0 

0 ... 

0 

0 





. 

. 

0 


, 



■ ■■■ 

r 

9 


. 




.. 


|jl other -ivontli. N12^ = 212s'. 

Elow Lbout the 0 (loweriiiij) operator? TtiaL Looks like 


9 

v'T 

a = 

i) 

n ... 

9 

9 

J2 

u ... 

9 

9 

a 

... 

9 

9 

a 

0 ... 

9 

9 

0 

0 ... 

9 

ft 

fl 

n ... 

■ 

■ 


. ... 

■ 

- 

- 

. 

• 

. 

■ 

. 
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In thi& repreaentatfcon, what is a I !>7 In general, cl rt> ■ - Li-. so U 

s h ould equal 10>. Talte a look: 


c|l^ = 


(i 

v'T 

i) 

U ... 

0 

1} 

Ci 


u ... 

1 

0 

U 

0 

... 

0 

0 

& 

fl 

0 ... 

0 

a 

0 

0 

0 ... 

0 

(i 

(i 

i) 

□ ... 

0 

■ 

■ 

■ 

. ... 





■ ■ 1 ■ 



1'his inarriK multinli^arion the folio win ij: 


n I > = 


vT 


0 0 0 ... 

0 

0 


0 0 0 ... 

■1 

0 


0 0 0 m'5 ... 

n 

0 


C) 0 U 0 ... 

0 

0 

= 

0 0 0 0 .. 

u 

(i 


0 0 0 0 ... 

0 



. 

- 

■ 


. 

■ 
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I n othe r woMli, n I ]» • I &>, jusl as expected. 

So how at>out the (t* fralslny) operator^ Here’s Tiow n works 1n general: j?> 
■ frt I- 1)*^ IJ] * ]>, Fn matrix terms, (T^ looks lllie this; 

0 0 & C ... 

^'T 0 0 fl ... 

i) ^ i) ... 

n 0 .,. 

(I n (h .,,i 
0 0 0 0 ...1 


For example, you expeci lhal ti' M> = M>. Does it? TJie iijalrLs niukiplica- 

tion ii 




0 0 0 0... 

0 

0 0 0 ... 

1 

0 0 0 ... 

0 

0 0 0 ... 

0 

0 0 0 ... 

0 

0 0 0 0... 

0 

1 ■ J 1. LJ 1 



C opy rig htcd m atori al 
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This equals the lollowlnj;: 




a 


0 0 0 0... 

0 

5 


v'i 0 0 0... 

1 

J2 


0 0 0 ... 

0 

0 


0 0 0 ... 

0 

u 

= 

0 0 0 ■j'i ... 

n 

0 


0 0 0 0... 

0 

’ 


- . 

■ 

■ 


. 

- 


Soa^ 1>= ^ 2>, as It should. 

How atjont tatlni( a look at the Hamiltonian, which reHirns the enert(y of an 
eifiengtste. Hln?- = Kn In matri;: form, fKe Hamiltonian looks like This: 

[|- 

I () (I [} 

0 3 0 0 ... 

0 0 S & ... 

0 0 0 7 ... 

0 0 0 0 ... 

i) C (I (I 


JUj 

2 


.^o if you iirefeK the matrcc way oE InnkiniJ at thiniJ.s, that's how Lt works lor 
the harmonic oscillator. 


in 


C c: py rig htec m aftjri al 
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A Jolt of Jaffa: Usin^ Code to Soltfe the 
Schrodin^er E^mtiott Numerically 

tilt t[tt-<JiiiL<jiiEiO[k3J-ScKruiJict^tr i:(^UEitiOii: 


Ajld ior JmnittcliC tSCiltaltr!^, yOu 1:^11 wrilc tJit tL|u£]tiO[l likt tJliS. -wlttrC 


A = 


F-V(r)/] 


clx* 




In jT^aer^l. as Itie polenlLal V^x) more and more complt;!. using a tom^ 
putor lo sol^'O tho Schrfrdlnj’er ecuiallon boglns to look mote and mort 
attract]VO, In this section, I show you how to do Just that for the harmonic 
oscillator Schr&dlnger equation. 


Making ganr approjeimatiens 

Ir {’omniits-r terms, you can Approximate (ir^jr) as a cnliection oE points, titj, ijjj, 
itT,i, T|r.|, Tjj^, antt so on. as yon scf in PLi^Lire 4-j. 


>|'U) 
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Ljc;h ]]aiiiT aloriy — ((Tj, Uj, i|r.|, nr-;, ancE so oei — is stfiJamEtcE from its 
noiiElibor b>' a [lisractcc, aluny the jri\is. And because is the slupe of 

you CEU] iitakL; the a|j]jro«iE[idtLo]i that 

dx A, 


|ji other words, itie sLo^ti:^ is a|)|jroxi[nali:ly eijual to Ay/Ajr, wfiioli is 

equal to 4Jn ^ I - T()„ (= Ay) -divitSetl by ^r„ (= Ajf). 


You can rearranjje the equation to this; 




Ttiat'i a cnido approximation lor '\yn.\, piven 5o, for example, i£ you know 
ijr.i, you can find lhe approTcimaie value of iijj, i£ yoti know In the region 

of ItJ.i, 

Vuu can. oE course. EioiJ hctler ap[tFO\i]]iatiu[ts fur Iei [tartieular. physi¬ 
cists oltCii uSc the jVurrrtFtM' when solving the Schrfldiiiyer equa¬ 

tion, aad that aLyorilhni i;ives you , | in tenns of \\\„ and Va-i- Here''s what 
the N'unierovalyorithmsaya; 


V^ = - 


V V 


12 


I VZ 


i*h*k^{xy 


12 


I n this equation^ [ Jc) = ^ 

and Ihe boundary conditions are v(^l = u(3j) = h. Wow. Iirafilno havlnji to 
calculate this by hand. W^tiy not leave it up to the computer^ 

E-'or a proton LiririFryoiny harmonie oseiJJation with la =4.!5ftK H)"'sfc'', the 
exact j;rouncl stale eaerj;v is 




= = MeV 
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YoTi solve this problem computationally earlier In fKkg ehapter, The Following 
sections have you try ro ^ier this same restilt nsinii the Npmerov ali(orirhin 
anci a computer. 


the acmat code 

1'o calcLilate the ]^rnniid state etteri^y ol ttte Itarmooic ascLIIatni nsiit^ ttte 
Nunierov algorithm,, this sec Lion uses the Java programihlnj; langna^Fe, vvJiich 
you can gel lor I ree (ro m j ava. sun. com. 

Here-s how you use ihe ptogram: You choose a ttlal value of the eiie^jy for 
the gtoiind slale, Ei„ and then calculate c^fjc) at ai, which should be zero — 
and If It’s rot, you can adjust yout guess lor E|. and try again. Vou keep going 
until = D {nr if not actually 0, a very small number in computer terms) — 
and when it does, you know you’ve guesserl the correct energy. 

Ap^rottimtdin^ l-j-.) 

How do you calculate u(3e)? After all, infinity is a ptetly big number, and the 
computer Is going to fiave trouble with that. In practical terms, you have to use 
a runnber that appro^tlmates Infinity. In this case, you can use Ihe classical turn’ 
ing point.s oE the proton — rhe points where all the proton's energy is porential 
energy and It hias sto]]]]ed moving in prejiararion for reversing its direcrion. 

1- i; 

At the turnbig pouits, .y,,. El^, = (lliar is, all tlie energy is in porenrial 

cticrgy), so 


X, ^ 




ffifn 


1 




Ai]d tliis is on the order ul 15 Ecinlutncrcrs {Em), so you assujiie that 
should surely be zero al, say, llS Im. Here's I he Interval over which you cal¬ 
culate 

I f^ = -15 fni 
li fm 

Divide this 50 Em Interval into itflO segments, making the width of each sefj(- 
meni, fr.i, equal ip -^■„|„>.'2{1CI = j). = ci,i5 fm, 

Okay, you're maJting progress. Vuu"IL start by assumiiig that ^{jc,.) = il.. guess 

a value ul E^,. and thco calculate = 4 rj„.. (because there arc 2 {J[l seg- 

mctdfi, at .V = wJiich fihuald ec^ual zero when you get E;.. 
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Here's what ihe results tell you; 

CnrrM;i; It atis('4J;.ji:i) Is ?sro, or irt practical terms, less than, say, your 
ma::lmiim allowed value oE » l x then you're done — the F,| you 
ifuessed was correct. 

Too high: [f ahsCiPaiu) Is lart(er than yotir maTciinum allowed i|J. 

(= [ > and ispcJsiJJL'e, tJieirrLcnJy yuucE lohl: tor E,, was too 
liijjtt. You ttavc to suhtnicl a siiiall ainouul ol (.Mieryy, — say I X lU" 
McV — (roni your jluuss ti>r tJlC cnorjjy; thcrt i^aJculatC abs(os„r.) aijaiii 
and aee whether ifs still lii^fher than your nmimuni allowed v, H 
so. you have to repeat the process as^in. 

Too low; IfabsfUaw) Is larger than your mavlmum allowed v, fajaf' 1 ^ 
10"^), and 4fjrti:i Is the energy you chose tor F.,. was loo low, You 

have to add a small amount or energy, aF., to yonr guess For ihe energy; 
then calculate ah3{i|f 'iii5 attain and see whether It’s still dlgher than your 
maximum allowed w, If so, you have To repeat the process- 

So how do yuLi calculate Glvejt twu starting values, ty,, and Uj. the 
h'umerovaigdritlim: 




IS 






]? 






fc +1 ■ 




i2 


Keep calculating successive poinls along nj(v): i|j^, - 4 ) 3 , and so on. The last 
point is 4 )mp^,. 

Okay, you’re on our way. You're going lo start ihe code wjih the assumption 
thal vn * 0 and i)j| Is a very small number O'otJ can choose any small number 
you like). Because you know that Ihe exact ground level energy is actually 
i.5ri MeV, start ihe code with the guess thflrK,i= i.40(inri()U MeVand let rhe 
compuler catcLilare I he actual value iLsing increments of it = E x lU" MeV. 

Note also tliis equatiou dejicnds -on fr.,{jr)', k„ _ nnd ft, ifi)"*- Here's how 
you caj] lind Itiesa values, where t,is rite current guess For the ground 
sFate erLerig>' ^suhslLFutc rr, w- l.andn + 1 lur/J: 






/2 
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And you Itn ow that K ■ t .58 x 10'’® sec \ s o 
&=ail 5 MeV’'eir-‘ 


Therefore, x ICr^jr*, wKere .r, Inr a parTieiilar 

meni j L-i =jft^ - jf,.. 


Writing tfie cc^e 

Oloiy, ripwr I’m ijoinii to piir tOflother all the info liom the preceflini^ sec¬ 
tion into some Java code. You start with a Java class, .te (Eor :^hrodin^er 
t^Liatlnn), iti a File you name se.j'oM?.' 

public cLaee ee 


} 

J'Jiort you sol o]] ttic variablos anti ootLstants ytm'Jl need, irtclutlititr ai] array 
Fur tFio values you calculate lor tji (because to Find. ^ |. you'll tiavc tiad tu 
store tJie alreatly-^alculatcd values uE atid v^m-i)- 

public class se 
( 


double pait; 
double ECuiientj 
double Emin • 1.450,- 
double KMin ■ 
doubl e xMex => 15 „ ; 

doubi e hr^cTo j 

double ED=lt.H = 0.0000001 j 
dc)ubl e in^axPa i = 0.00000 OOl r 
inC CLunberDivisions ■ lOi? 


I 

Tlie fie class’s constructor gels run first, so you ijiiliallice values there, iticlud- 
ihjJ v<i (■ H^CJ^rah,) ■ 0) and vfi (any small number you want) to get the calcula¬ 
tion going. In the main method, called afierifie cortsfrucfor, you create an 
object of the se class and call it (olculas^ mefEjorfto get things started: 
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nublic r^is 

{ 

dilible paitl? 
double ECurrecitj 
double Emin « 1^450j 
double MMin = -15,; 
double xMax = 15 .; 
double bZezo; 

double EDeIta ■ OlOOOOO&I; 
double maitFsi ■ 0,00000001.- 
int r.LunberDivisions • 200; 

publlc O 

{ 

ECurrent ■ Emin.- 

psi ■ new double [ number Pi visions *■ 1| ? 
psi[0] = 0; 

psifll = - 0 , 000300001 ; 

psi fnUnitei Divizsic^J'is] = l-P; 

tiZero = ilyHsK - MHin) / nYjtbetDiuiiiims; 


public static void ntainlstrin^r [] argvl' 

f 

at de = new n r 
de, ea Lcular e ■( 5 ; 


I'he TFial wuFk Takes place in tfie ralcriSota /TKtfniiS, where yon use tlie current 
ijucss Eor itie ciier^ and eaJculute 

II abs(4r-.r,i} is Jess tliaii yuur iliumiifluOT ul lowed value o( 4/, you've 
louhd tlie answer — your current j^uess for ihe energy Is right on. 

ir abs(ijf;i,i) Is greater than ur ,>, and Is positive, you have lo subtract 
it from your current guess for the energy and try again. 

]f abs(i|f-.„i} Is greater than 4^,^ and ipaw Is negative, you have to add aF 
to your current Ruess tor the energy and then try again, 
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Here's what all this looks Lllte In code; 

public void C3 leu Intel [! 

C 

wh i 1 e ([Ta t. k. ubs £ p s ii nambtif 1)1. v i a- i Linn | } > [na.xP.a |} { 
for (int i ■ Ir i -^numi^er Division a r i++) [ 
psi[i 4 1] ■ calculat-eWeKtPsL (i) ? 

1 

i£ (pnij nLimbfirDlvlrplrini:|> □ . C! J f 
ECucient = ECuiicnL fi EDclta; 

} 

else ( 

ECurrent ■ ECurrent + EDelta; 

) 

System.out + plfinfelntlPsiaDQ j 1 4 p = tln^'''berDivln'inn = I 

■H i E: i + ca-urLdiSCut s entS 1 i 

J 

System.Gut.printlndMnThe (jr-our.d state energy' is i 4 
round(ECurrentI + i MeV.i^i 

) 

Note that The neift value of itJ (that is, Wn . ]> is calctilar^d with a method 
named Here's where yoi] use the ^umerov atj^orithm — 

iJiven T|j„, 4fn - h you tan oakulale T|r,, ^ 


publlt double oaloulateHeKtPai (Ir.t n} 

i 

double K&gNMi nusCne = caloulcite}tS(iuared{n - 1} f 
double KSgH = caLculateKSguared (.n) j 
double KSqNP1usOno = cfllculotcKSquncoitn + IT; 
double nevtPsi = 2.0 *(L.D - (d^O * hZero *■ hSero * 
KEqN / 12.DJ} * psttnlr 
nejitPsi « neKtPai - (l.i@ *■ (hZero * hZero * 
KSgHKiuusOne / 12.0)} * psifn - 1]; 
ncKtPsL = ncKt Psi /(l.O (hSero ^ hEoro * KSqWPlusOne 

/ IS-On : 

return nextPsi; 

i 

Finally, nolt Hut to calculate nj„.you hcttl and which you 

rind with a method named cokulatfK^/s^fVif, which uses ihe numeric values 
you’ve already figured out lor this problems 

public riovabl e cntcul ?str'ESquar«d(lsr. Ml 

I 

double X = (bZero + nj 4 xHin; 

return (H0..G5] ECurrent) - Em * xj * 6.630-3)); 

) 


^■npyrigfmi iTaj;‘nn| 
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W^^w, Here’s the whole program, s^.fUt'o: 

public :;c 

{ 

double p ai[]j 
double ECurrentj 
double Emin ■ 1.450; 
double DcMin = -tlj,; 
double xtiTa> = 15 . r 
double bZeSO; 

double EI>elta ■ O.OOOOO&i; 
double maxFsi ■ 0.00000001; 
infc r.LunberDivisions =* 200; 

public aeO 

I 

ECurrenb ■ Emin; 

psi ■ new double [numberDivisior.s + 13? 
psi[0] = 0; 

psirii = -a.coooDDoajj 

pai IbUlnbel Diviiic/La] = 1 - D 

hZefo = <vHaK - YHin) / nutibei:Divisions; 


public static void nKiin{5trin^r [] argv) 

I 

s e de = new se {} 
de. oa Iculac e •( 3 ; 


public void calcylateCS 

E 

whlle ([lath. abi E?si |lLajKiberDivislons| J > maKPai) { 
for EinC 1 = 1,- i -ttiumber Division a: 1++) 1 
pei[i i- 1] = calculatelteKtPsi Ei) f 

3 - . 

if (p5i[nuTTitaerDivi^ion5]> O,0’3 { 

ECurrent = ECarient - EDaltaj 

] 

else ( 

ECurrent = ECurrent t EDelta; 

) 

System-out .prinfeln{iPs£20Q i i + psiLriL^mhcrDivi^ionsl 
+ L E: i + round {ECurrent 3 3 

1 

Gystem.cuC .printIn(IXtiTbe gioue.d state energy i3i4- 
roimd 1 ECurrent I -i- i MeV, l5j 


Ccp^righiijd m^'Dridl 
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public: double o;vLoula%eKStTJared{int Ji| 

f 

double X = (hZere ■* + MHin; 

return (((D.C5] * ECurre::it} - ■( (k * xj * 5.6ie-33)7 


publio double oaloul^iteHestFsi {ir.t n} 

C 

double KSql-IMinLieOiie = cilouletesaquer&d{i] - 1 ) ; 
double K&qH = ca 1 culate}U3qiiared (ji J r 
double KEiqHPlLJsOne • caLculateKSq’jared{j] + 1} r 
double TiBK^Pei = 2,0 *( 1,0 - { 5.0 * hZero * h^iero * 

KSqN / ia- 0 >| * P 5 i[n 3 i 

URKh-P.^i = n.e;icLPj:i - {1.0 t |h.Ze;rp *■ hZttpD *■ 

KSqHKiflUSO^iie / 12.0)1 * p£l[jl - 1] j 

nejitPsi ■ neKtPai /(l.O + fhZero hZero *■ K5qlv?lus0:cie 

f 12-0? 

return neKtPsi; 

} 

public double round{double val? 

£ 

double divider ■ 100000; 
vpl = vfll * divider; 
double temp = Math.round(val?j 
leturn, {double) temp / divldei-; 

I 

i 

□kav. now you cun compik llie code wuh j^v^iCi, (he Juva compiler (iE juvuc 
Isn't Ir yotit' compoteif’fl path, tc sure to add the correct path to your com- 
maricJ-llne command, such aS !?:>C:\j-’>VnVbin\javfte ¥P.]n,Vn)- 

C:>Ja vuc ae.ja Vu 

I'hiR. rreate!^ from .v’.jfii.'n, and you can run u^ith Java it.'ielF 

£addii]^ tlie correrl jiatK il needE!d}: 
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Running the cede 

When you run the Java cotie for the harmonic oaclllator Schrochnger equa¬ 
tion, It displays the successivo values o( V:ii: ^ H ailusts the current yuess 
For t he enerjjty as it rarrows I n on | h e right answer — whlc h It tl Is plays at t h e 
Rnii nE the run. HerF^ u'hAl ynii seF: 

C:>java se 

PSiaOOr -1.05036fl^057i37'?7gE-4 E: 1,45 
P5I200; -l,0503544232953t)3E-4 E: 1,45 
PSISnOr -l.D5n3444.16P53310?E-4 E; 1.4? 

PST’^DOi -1 .D 5 Q 3344504 Sea 405 E -4 Ej 1 , 4 ? 


P5l2Q0ii 
PfilSQCll 
ps"2aai 
psi2aax 
PSI200 i 
P5l200t 
P5I200^ 
PST’^QQs 
psi2aax 
psi2da ■ 
P5l200r 
PS22005 
P52200f 
isrsaQi 
psi2C]ax 
psi2aa: 
P5I2001 
P5i200^ 
jpsr200; 
psz2aaT 
psi2aa ■ 
psi2aa ■ 
PE2200j 
P52200 i 
PS2200 : 
ps22aax 
psi2aa: 
PS220a : 
P52200^ 
BS2200i 
Ps:200 : 
ps22aa ■ 
psi2aa ■ 


-6.12820872ei4324E-B E: 1.50056 
-■5-n51127?2115e(i55E-B E; l.jOOes 
-5.B54a4e3451D7554E-B E: 1,50065 
-5.B36g65lSS56Daal5E-E E: 1,50066 
-5,7i988357546l77aE-e E: 1,50066 
-5,64280251512l20a4E-e E^ 1,50066 
5,545721S252e99224E 8 Ei 1,50066 
-5.44C164OSO665S0gseE-B Ej 1,50D66 
-5.55lS5g7023D1636E-E E: 1,50066 
-5.25447S725B76335E-E E: 1,50066 
-52157397714326237E-8 E: 1.50066 
-5.060316301012202E-e E: 1,50066 
-4,963235341725704E-8 E; 1.50066 
-4.B66l54dl5227433E-E E: 1,50066 
-4.76ga7404lB27l214E-B E: 1,50066 
-4.67igg320596glg44E-B E: 1,50066 
-4,57491235e974434E-8 E: 1,50066 
4,4778315,322587S05E 8 Ei 1,50066 
-4,3e07507P0476514E-e Ei 1.50066 
-4.2B367Q057B39g2E-S E: 1,50066 
-4.lB63a&3452l7575E-E E: 1,50066 
-4.DBgSa55S751B4a64E-B E: 1,50066 
-3.9?242793522620lE-!e E: 1.50066 
-3,e953472073066213E-8 E; I.50066 
-3,7902^^t5O57731E-S E; 1,50056 
-3.7Dlia603E502B26E-E E: 1,50066 
-3.6D(lia5455620266E-B E: l,50O66 
-3 .S07024¥-ig5Dggi4E-B E: 1,50066 
3,4099444217875n4E 8 Ei 1,50066 
-3,312363911389184E-e Ei 1.50066 
-3,21578347199618r5E'8 Es 1.50066 
-3.llB7a3005g902a56E-B E: 1,50066 
-3.D2l6226Lg5g4b36E-B E: 1,50066 
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1^5X200 ^ 
BSr2CiCii 
psi2aa! 
psi2dai 


-2,9245^211>e51361t'7E e E-, 1.53066 
-2;.G2'?^61S1723252SiE-e E-, 1.53066 
-3.73a3gi534436g203E-B E: 1+53066 
-i.6533ail96D6g577i!-E E: 1+50066 


psi2aa 


-2.b36220SS5Ebiaa65E-B E: 1+50066 


P5r2Q0i 
P5r200: 
PS.1200 J 
psi2aax 
PSI20a : 
PSI20a : 


-2.4391^0*320050141-0 E: 1.50366 
-2.3420604240230751-0 £; 1.53366 
-2.24498022196075*1-0 Ei 1.3®366 
-i.ld79aC005347240E-E E: 1+50067 
-i.D5O0igS2E5622532E-B E: 1+30067 
-L.gb373g76l6B23lg2E-B E: l+b0067 


P 5 I 200 X 
ESr 200 I 
051200: 
psi2aai 
psi2oa ■ 


1.05665S3302066105E 0 E-. 1.53067 
-1.75957952062723321-0 E; 1.53067 
-1.66249947057705551-0 Es 1.50067 
-1.5654194616020621-1 E: 1+50067 
-l.(16B33g473DB36424E-B E: 1 + 50067 


PSI20a 


-l+37l2Sg4BS2D34l65E-B E: 1.53067 


P5:200 i 
P5I200 : 
py:200i 
PSI20a : 


-1.2741735159630587E-0 E; 1.53067 
-1.177099*229668431-0 E^ 1.5*367 
-1.O0OO197L427338SJE-O Ei 1.53067 
-9.B2g3g79S52g632E-9 E: 1.50067 


The ground gta^e energy is 1.50067 MeV. 

And there you have ii -- the program a[>proNlii(iates the ground state energy 
as I.50U6T MeV, pretly darn close to the value you calculated theoretically 
belorei l.aO MeV. 


Very cool. 


Copyrighted material 





Part III 
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KevrioTt^s ai \3niverS3]^ GravitatEovi, 
H3Xv(eU^s iield equaftions, and neivr 3iuart^s 
'Rale ot Hair Loss/ 








In this fwrt ... 


r hlnjus that spfcn and rolale -= that's the topic ot this 
pari. Quanlum physks has all kinds of things to say 
at>oot how angular momentum and spin are quantl^ed, 
and you see it all in this part, 
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Chapters 


Working with Angular Momentum 
on the Quantum Level 


la Thh Chapter 

^ Angular nfiomentujii 
^ Angiili^r ircMTif^ritijni And the JHamilrnnian 
^ M^triv rporg^^nt^tlnr qE anj^LilAr nnnmentum 
^ ElgenfuhctJoLis of angular jnomenlum 


/ n clasilcal mechanics, you may measure angular momentiun by attachlnj; 

a golf ball to a string and whirling It ovor your head. In quantum mechan¬ 
ics, think In terms of a single molecule made up of two bound atoms rotating 
around each other. That's the level al which quantum mechanical effects 
become uoticeahle. And at tbnt level, il nim^ nnt that angular mojaentnin 
Lf quantized. Anti sinre tfuit hA.F. tangible resultF in many flluIi a^ the 

spucimm oE uxcLEed atoms, LE's att ini]]artant ru[»ir. 

Qcsitlos lidving kiiiLtlE attiJ poluttlial encr^', parEicles catt also have njtuliontil 
erKf^v. Here’s whai the Hamiltonian (loEaL ejlergy — huc CfiaiJtcr 4) looks 
like:' 


H- 


I.* 

21 


Here, L Is the angular momentum operator and [ Is the rotation moment of 
Inertia. What are the eigenstates of angular momentum? It L Is the angular 
momentum operator, and f Is an eigenvalue o( L, then you could write the 
follo^i'lng; 

H |f ^= ^ fncomplete! 


Rut that tuifni out to he Incomplete because angular moment^im I 9 a vector 
In three-dimensional space — and It can he pointing any direction, Angiilar 
momenbim L 5 typically rilven hya maijnilude and a component in one 

H/THv TfjteriRl 
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direction, which Is usually the Z direcllon. So In addlllon to the maynlttide i, 
you also specify tlie component of I In the Z direction, L- {the choice of Z Is 
arbitrary — you can Inst as easily use the X or Y cHrecllon>. 

If the quantum numher of the X component of the anfpilar momenttim Is des- 
li(natecl by m. then the complete eiflenstate is j^iven by If. n??. so the eqtLatlon 
hccomcii tl]e lullowln-y: 

H|j,m >= ^ f,m > 


TJmt's tlLC kicLiJ ul discuyiiiu]] about eigenstates tliat t cover in this cliapter, 
and I betliii with □ discussion of aili|Cilar JiiOiiLciituin. 

Rftiqittg the Opemtors: Round and 
Round fOith Angular Momentum 

Take a look at Figure 5 - 1 , which depicts a dlslt rotaElni; in am space, rtecause 
you’re ivortiini' in fjlD, yoi] have tn ^Jn with vectors To represent both ma.i^ni- 
tude And dirertinn. 


Figure 5-1; 
Anatating 
disk with 
angular 
mnriBrvUjri 
veemr L. 



\ 
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As you can see, the dlslt's anyular nomerilum vector, L, posrtls perpendicular 
to the plane of rotation. Here, yon can apply the rlyht-hand rule: II you wrap 
your rlyhl hand In the direction something is rolallny, your thumb points In 
t ho d I rec tion of the I- vector. 

Havlni^ the L vector poim out of the plane of rotation has some advantages. 
Ifor cxaiiiplc. i1 soinctliiEtg is rolatiiiy al a cojistEuit angular spcetl. rtic L 
vector will be coiiEtaiit in iiLaynitude and. direction — wfiicli cnakes iitore 
scusc I Kan ttavlny the L vector rotatiuy Lit the plana of the disk's rotation and 
coostanlLy chajiyiny direclion. 

Because L is a 3D vector. Lt can point in any direction. wltLch nteans titat it 
Kas jf. y, and z components, f... U. and fwKlch aren't vectors. Just magni¬ 
tudes). You can see in Figure &-I. 

L is the vector product of R (position) and P (1. = R x P). You can also write 
[.j, 1.^.. and at any given moment in terms of operators like this, where 

and P. are the mnmsrr/jjrrr ofierirjfotT (which renirn the momentnm Ln The jr. 
y, mid 2 directions) and X, V, and Z are thepOsd'^d'cjrr Operators (which return 
tJie position Ln thejc.y, andi directions)! 

I r^L,.YP.-Z?, 

U - ZPj, - XPj 
t^l^ = XF,-YP, 

You can write The momentum operators F^, and F. as 







Therefore, suhstiTutini; these operators in the ],, and [.. equations, you 
can write the equations as 
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Finding Commutittors of L„ and 

Pir^t 4:xEiri]ii]c 1^. L^. Eyid L. by takicLtr ^ luukdt kcnv thuy iiOicLcriLitO': iE tJii:y 
i^oKirti Lilt (far txaniplt, i( [L^, L,] = (f), thcij you caiL nitasurt £uiy iwo of iJicni 
(Lj^ind Lj. lar txajn|j]e) titaclly. IE iml. Mien iJity'rt aubjtcl to the unL^Tiairiiy 
r^iaiiotr. aji4J yau can'L jntasurt llLtjn siniultantaualy txaclLy. 

Okay, so w^Jial's I h e oomm iitata r of L^. and L, ? Using L^. - YPj - ZPj, and U - 
ZP^-'XPj, you can wrilo tfio foUowiaR: 

IU E.,1 = (VK. -ZP,, 7.V^ - XP_i 

VniJ can writs- ThiFi sciiiatiinn as 

[L,. LJ = lYP^ ZPJ - [YP, XPJ - [ZP,. ZP,] . [ZP. XP,] 
.Y[P,ZP,JP,iX[Z.P^]P, 

-dfi(XP,-YPJ 

But XPj-YP, ■ L;, so [U. L,[ ■ raL:.5o L, and L, don't com mute, '*-tiich means 
thfli you can’t measure rkem t>oth simuUaneously wirh complere precis ton. 
Voti can also show thal 11., [.^| = ift].., and IL. 1.^.] = /fil... 

BsrsLise rionc nl Ike components oF an^Lilar momenUim commLile with each 
othtr, you can'r JtisaHure any two slmuiraneoiisly witli compLele precision. 
Hats. 

That also means that the L„ L,. and L- operators can’t share the same eigen¬ 
states. So '^vtiat can you do? hfow can you find an operator that shares elgeo' 
states with the viarlous components of L&o that you can write the eigenstates 
as I i nt>7 

The usuat Trick here is tkar the square oE Eke angular momentum. L*, is a 
.qcaiar. not a vector, so Lt’ll commute with the L,. and i_ operators, no 
proliiem: 

I f^ IL=.LJ = [1 
[LU,|-0 
[L^ L] * 0 

Okay, coo], you're making progress. Fecause L„ L,. and L-don't commute, 
you can't create an eigenstate that Lists quantum numhers For any two of 
thorn. But because l.* commutes with them, you can construct eigenstates 



CoDvrighted material 



Chapier^; Working with Angular Mnninntum on the Quantum Level 


thal elj^envalues for and any ol L,. U, and U. By c&nvention, the 
clLrectlon rhats usually chosen I5 l... 


Creating the Angular Momentum 
Eigenstates 

Now's ihe time to create the actual ejgeiiitates, 1^, of angular meuientuin 
states in quantum mechanics. When you have itie eigenstates, you'll also 
have the elgenvakies, and when you have the eigenvalues, you can solve 
the Hamiltonian and yel the allowed eneryv levels of an object with angular 
momentum. 



l>Dn't make the assumption that tlie eigenstates are IJ, rather, say they're 
I «, pi-, where ttie eigtiuv-aliie of L" is LMn, (ii = h'ncl ot, p=-. So fJie elyecLvalue ul 
is Ji'nc, wtiere you Jiave yel to solve lor ot. Sicnilarly, the eigenvalue oE L. is 
L-tfl, pi = fiP o., p-i. 


To proceed further, you have to iiitroduce nJrsj'^^and fcnneritig o|ierators (as 
you do with the harmonic oscillator in Chaplet 4). Thai way, you can solve 
for the ground stale hy^ for ewanple, applying the lowering operator to the 
ground stale and setting the result equal to aero — and then solving for the 
ground stale itself. 


In this ense. ttm raising operator is L. arid tJin lowering oparatar is U- lliesn 
upcmiors raise and lower tlie L. quautuiii number. In a way analogous to the 
raising aiid lowering oponitors iu Cliapler 4, you emi doTliie tJiu raising and 
luwCrihg Operators tills way: 


I b^ Rftlstngi L., ■ L. rL. 
Lowering: L. - L,.- ^L, 

These two equations mean that 


'■x = 4[^ + [- ) 


K=i[K-^ ) 


You CAW also see that 


L. L = L,* 4 L.= - liL = L* - L,® - fiL, 
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That means the lo]lo^^l^s are all et|ual to L^: 

l.-= l..k +1J-tik 

= J_L. t 4‘ fjL, 

L“ = 1 (L L. + i-L ) L.^ 

1 

You can also see that these equations are true; 

| i> [L^ L]*0 
[L,L]-2flU 
14. L.J = ±fjL. 

Okay, n.[>w you pur all rhii^ to work. Vau'rv j'Ertii]^ to the yoncl .qtull. 

Take a luukat tJie uporatioii uF L. uii 1a. |1>: 

L.I"'.JI>-" 

To see what L. lo, [!> ts, start by applying the L- operator on It like this; 

41 . \<i, (5> 

from [L., L.l = i#iL., you nai] see tliat L. - L. 4 = fiL.. so 
LL. n. (is = L. L. In. (i> JfL. I a, ps- 
AiJtJ because L, I ot, = p, you have llte foLltiwiiig: 

41.1 u, (5> ■Jif(i+ ])L.lr(.JS> 

This equation means that the eigenstate 1. I n. |5> is also an eigenstate o£ the 
r.. operator, with an eljiienvalije o£ f|3 * l). Or In amorecomprehenalbteway; 

l..lra.P> =0lra.fl t 1> 

wliure o Is a cojistajit you (iuiJ (alcr iu "Finding the Eigenvalues ul itic Raising 
and Lowering OpurtLtors.’* 

So the L. opertLlor lias tlie effect of rasing the p quantum number by I. 
Similarly, the lowering operator does litis; 

kin, fi>=olft, fS-l> 


C D py rig htect m ateri al 
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Now take a look al what L^L. 1 1 ^. |S> equals: 

I.-].. a. |lv = ? 

Bersuse L* is a srsJar, ir rnm mutss wit K c^'erythinEf. L" L. - L. = (J, so t h is is 

trLLE>: 

L^L.Ii^. p^ = L. L’lry.p> 

And because L*lri, [1> p>, you have the Jol lowing ecjuatlon: 

L*L.I«, L.Irt. |S> 

LSiinLLftrly, rhs [lowering ops-rator, U., givES you rhLq: 

L'L.Ir, P> = dfi" L_l rt, 

So tJie rcsuirs ul tlicse equatlojis iiicaii iliat rlic L. oparaturs don't cliangc tlic 
u. eigenvalue uJ I n. at all. 

Okay, so Just whal are a and Read on. 


Finding the Angutnr Momentum 
Eigent/atues 

TJie elijeiivaJues oE the angular niujiieiituiit are the pussihJe values itie angu¬ 
lar mocnenlun] can take, so lltey're worllt liiidiiijj. Let^S take a luuJc ai Jlu^v lu 
do just tJial. 


ei^ensUtte eruditions 
and P„i„ 

4 -in 

Note that l." - I.-" = ]..v' + [-v*f w'hleh Is 5 positive nymher, so - I-.-* s- It. Thai 
[neaiiE tlidt 


L=-L*lii,P^^0 
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And siitstllutjng ia ct, (J> ■ lifi^'and L:*l tl, p> ■ [Jfi gives you lltks; 

■: ra, ^ ] .* - [J I fj(„ iJ> = nr\(i - [ 1 -) n 

TherfiJorR,« a (i". An thcrs's a mAsiniLiin p-nssihlc valiis ol (i, wbiirh you can 
raJ] 

You can be clever now, Ijecause ihere tias lo be a slaLe I n. such llujl 
you can 'l raise (J any ni ore. T h us, if you apply ihe rais i nj; oijerato r. you gel 
zero: 


L. I n. * 0 

Applying rtiR lowering operator In ThiFi Also ijA'p-s you zero: 

AttcJ because L.L. = L" - L.* - flL., that icLcatis rtic Eolluwiitg is Iruc: 

(L=-L:^-t^L:)l rr, [ 1 ,„^ - 0 

Putting in * fta^and L-^ I|Sv> ■ gives you lltks; 

ffit-|S„.v*-JW>'-0 
™ = l> = d 

CuuJ, uutv yuu kiiuTV wliat n is. At rtiLs paint, it’s usual ru rename as I and 
p as rrr, so I ot, p^ becomes 1^. ajid 

I v^ L^U. = rtr^ 

LAi ni> ■ ni> 

You can say even more, in addition lo a iKero must also be a |S||,i^ such 
thal when you apply the lowering operator, [_, you gel ^erop because you 
cen’i go any lower rhan |S„„„r 

LIE. 


And you can apply L. on ihis as well: 
LLIE. 
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Ftoni LL. ■ - 1 } - tiU. you know tTial 

wKLrh i^ivfiFi you th-fi fnlloiviny: 

(<1 - Pn = 0 

“ - Pi.ilr,^ ^ Pl.ili, ' 

'''■ “■ Pihlli “ PhilB 

• Pi.iit.fP. iu, - L) 

Anri This eciiiation To a = ^ J^ives you 

NuEt: tJiat because you rcacti I a., p.^ by n s^ucces^si Lve applloatiurLSi ul L_ uu 

I £ollowi]]jj: 

Prv-LV * P.i;i, + a 

Coupling these two equations j;lves you 



'J hereiorn, |^,„„ ran l)a ^itlier an iiiiaj'nr or linlf an iEttager ^[le paneling on 
whcrlicr n is even or odd}. 

Beraoiie \ = |},.,^. fH = P, ajld n is a positive number. yOu can Eind that -i ^ rtt ^ E. 
So now yoo have itr 

The eljjenstates are IE, 

The- quantiim number o£ lhe total angular momentTim i5.E. 

The quantlim numher o£ lhe angular momentum along |he ^ avis is i5?, 
L-| J7?> = ETE + 1) i. where i = ft. 'h, l. V,,... 

LIE. nt^ = rrrl E. nf>, wJiere m = -E. -(E - L)..... E - 1, E. 

-E ^ sfi i E. 


For each E. there are 2E + 1 values of rn. For example, if / = 2, bJien rt! can equal 
-2. - I, y, ]. or 2. If f ■ Va then rrr can equal -Va V^i and 
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You can soe a representative L and U In Figure ^-2. L Is the total angular 
momentum and L Is the prolectlon of that total angular nomenlum on the 
zajils. 



Getting rotatwnat enema 
of a dmtomic motemte 

Elere^£ ^u^ example itiai involves findijig tlie rotational ei]erg>' spectrum o( a 
diatomic molecule. Figure 5-5 shows the setup; A rotating diatomic molecule 
Is composed of two atoms with masses and The first atonn rolales al 
r - f|, and the second atom rotates at r - rv. What's the molecule's rotational 
energy^ 


C c: py rig hte-d m ateri al 
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Ftgun B-3; 
Arotating 
diatamic 
[HDlaculd. 



T?ie KamHtonlan (as yoLitansee at th« chapter Intro) Is 



I tho I'OlatlonaL moin^rt at Inertia, which 1^ 

I = nq I r,^ K ^ 

wtiLirtf = lr,-F. and U ^ ■ 

' ‘ ^ /Tt, + m. 


Because ]. = Nil. I. = p.rrti, Therefore, the Hamiltonian becomes 
n L" 


r /rir y o T T J^rinJ 
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So apiJlj'lnj; the Hamlltonkan to the eigensuuej, I i nT>, you the lolloi^'ing: 




JL 

' 




And as you Itnow, U. j]]> - • ])fl' 1^, ni>, ao this equal lor beconea 


L’ . + 


2^ir 


2fir' 


Aj]tJ bttaust H I i. f?tJ' = E m>, you tan see tJiat 


2fir^ 

And ihat'a tlie ennr^' as a Eurtction oi i. the ani^aitar iitoiaciilum quantum 
mini her. 


Finding the Ei^en(/atues of the l^aisitt^ 
and LovOerinq Operators 

1'his aFetion Lm>ka al lindin^ the Fij'FnvalLtFS nF the raialn]^ and tnwerinEf anj'ii- 
lar innmennim operators, which raise and lower a state’s z component tif 
an^jJar rnnnientum. 

Start bv taking ^ leok at and plan to solve for c; 

L. N, rn:’ -mc i m + l> 

So L. i j?!> gives you a new stale, and rmilllplying that new state hy Its irans- 
pose 5tioiitri i(ifve yon 

(L. IF. m»)’L. IF, juj = f" 

■J'o see tills c[|L]atio[L. note rtiar {L. I, 11, tjj> = r^^l, m f I J, itj ^ ]> = tr. 

0 i] rtic ottiur liajid, also riott t]]at(L. 1 1 . 1 / m^ = < /, m I L. LI F- /tr*, so 

you have 

mlL. L IF, ft]> *c' 


I j 



-riRl 
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WJiat do you do about L. L? Well, you &ee earlier In llie chaiJlor. la/'Creallny 
t ho AnsJiilar M (jmoriUi m FiRonstates that t h Is is true: 1.. I _ = 1 -1 .;* + S>0 
your oqiLarLon hocomes the FoLlnwinf;: 

■: /, m I- L.^ + L. N. m;»= 0" 

Grc;at! 'I'liat cn-caus rtiar r Ik. e[|Lia] to 

So w hal Is nj IL* - + M; I /, m > Ap p lying llie and L; ope ralors 

gives you tbls value For c- 

c = rt[lll * ]>-JTi(m + 

And tiiat's the oLgeuvoliie oE L., wliicK rneans you have this rcFarloji: 

L. 11. m=- = * 1)- rnt^/Tt + l)]'^l f. ftt 4 K 

Similarly, you can show that L gives you the lollowing; 

L IF. m> * 4 I) - - 0]''’l F, nq - |> 

Interpreting Anqutm Momentum 
u/itfi Matrices 

CJiaplL;r 4 COvt;rS a iitatrix iiiti^rprOtatiOh ui JtarsitOhiC OsCillalOr fitzitOs and 
oporaLori. and you can handle angular ihomontucn the same way (which 
often makes understanding whal's going on with angular in omentum easier). 

You get to talte a look at the matrix representation of angular momenlum on 
a quantum level now. 

Consider a system with angular momentum, with tho total angiilar momon- 
tum quautum number F = 1. That means that m can lake the values -l, df and 
I. So you eaii reprosejit rhc tliree possible angular inoiiLciitucu states like this: 

0 

(i 

L 


l’ 0 py rip htsii ni ateri ril 
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|l,0>= 

0 

I 

0 

ll.-l>= 

I 

(I 

0 


Okay, sn what nrs IKf nperalnrs yoL]\p in rhui chajite-r in iratriK reprp- 
senlatloji? For e?umiple, what is L"? You can write tJiia way in ftiatri^ (oniu 



■=i,]|r.=|],ri> 

■= i.]|r.=[i,-i > 

t],0|L^[l.] > 


^l.0|L*|].-] > 

^ 1,-1 

C]-llL'Ihfl-^ 

c].-l|L" 1,-1 i 

<i. ] IL^ 1. ]> 


l<l 1IL^II,0>. 




and so on; Therefore, the preceding matriJi becomea the Tollowing: 


]" = 



a 



2/r" 


0 

0 



And you can also write this as 


L" = 


2fl1 


] n 0 
0 I 0 


[\ D I 


u] iitBirJx lurm, I tic c(]nzitiuit L‘l 1 , W = l>bi:cij]it(;s 



1 

[> o:: 

1 

2fi' 

0 

1 .0‘i 



(t 

(t i', 

n 


r.npyrigiitf.' 
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This equals the lollowlnj;: 



1 


1 0 0 

t 


0 

= 2fi* 

0 1 u 

0 


0 


0 0 1 

0 


How al>oot the L. operator? As von probably know (from ihe precetllrj! sec¬ 
tion), r., (. niy i)-/7rfrT] tu • i>. la this e^iampie, 1 and m 

= 1, 0, and -l, So yoti have the followlnjj: 

1 1 ^ I..I ], I? 

^I.Jl,0>=v"2J,|l,T> 


So the I-, operator looks like this In matrlv lorm; 


L,= 


0 I 0 




0 0 1 
0 0 0 


TJitrtdorc, L. 11,0^ woliIcI Ijc 



0 1 0 

0 

0 1 

] 


0 0 0 

0 


Aj]t] this i:c|UEils 


Lji.a>= 



1 


[> ] 0 

o 


0 

= 

0 0 1 

1 


0 


0 0 0 

0 


In other words, l,l>= L^|].0> _ 
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Okay, what about L ^ You know that L I i nt* ■ * |) - ni(J5i - l)jj''^l 

l>. In thia example, I - I anti nr » I, 0. and - ]. So that means the followfcng: 

I t^ L_|l,] >=.^*- 1,0 '^ 

1^ L_1 l.-b = (} 

So the L. operator looks like this in fnatrix (orm: 

L_- 

0 0 & 

I (I (i 
0 I 0 


That means that 1^ 11, I? wouti he 

L_ j]J:.= 

0 U Oil 

1 0 flit) 

0 ] ojo 


TJlis etjualfi 

L_ |U:-= 

[} U 0 4 I 
■J2i! ] =-JZ!! \ 0 0 0 
0 0 L 00 

Wlilch tells >'Ou that 

Jusl Els you'd OKi^eet. 
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Okay, you’ve found L®, L., and L . Flndlnythe matrix representation of L; is 
simple because 

I t.^ Ji| 1, !>-].,U, l> 

0 = l.J ],f\> 

-Jt 1, ]> = L,I ],-l> 

So >'Ou tiave iltat 

I .= 

L 0 0 
fl U U ii 
0 0-1 

Tliufi L, 1, -1> equals 


t 

0 

0 

d 

0 

0 

0 

0 

0 

0 

-1 

-] 


And this equals 

I 

n id (Jo 

-jjO=Jto 0 olo 

1 0 0 -l|-] 

SoL, = 

Now u'hat about tiiidiit^ llte L, and operators? That's not as hard as you 
may think, because 

L, = -iiL. + L.) 

and 

L, = ^(L -L.} 
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Talte a look at L, first. L. equals 




« 1 (H 


^f\ 


0 0 1 
0 0 0 


Anri L_ sfiiLaL; 


L = 




0 0 0 
1 0 0 
0 L 0 


this 


0 

1 0 

] 

U 1 

0 

] 0 


Okay, [low wlial about L,? L, 


-/(L-Lj 
2 1 



A 


0 

-i 

0 

r 

0 

-■r 

0 

r 

a 


Coo]. This la sroifi^f pretry well — how about calculalijij; [L,, L.pTo do tliat, 
you neerl to calculate [U, U] ■ - L.L,. First tind Lj^L.r 


L.L^ ■ 


0 

] 

0 

(t 

-/ 

0 

1 

0 

1 

t 

0 

-( 

0 

] 

0 

(h 

F 

(h 
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This equals 


0 

1 

0 0 -t 

0 

/ 

0 -f 

1 

0 

1 f 0 


1 

0 & 

\) 

1 

0 □ i 


/ 

(h -/ 


And simktarly, L,L^- equals 
L.L,- 


f) -f 

ft 

d 

1 

f) 

t 0 

-( 

1 

0 

1 

H i 


0 

1 

n 


And this equals 

L.U- 



D 

() 

1 

Q 


-d 

(h 

-F 

f 0 


1 

d 

] 


0 

& 

0 

■0 r 

U 

0 

1 



d 

0 

r 


'li U (I 

'^0 f} -at 

And this equals 

I 0 d 

0 a 

0 0 -I 
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But tjecimse 


L 0 0 
n 0 0 
0 0-1 


you LEU] rtwrili; J— 

|l 0 0 


A 


0 ti D 
0 0 -] 


likL tfLiii:[L,,L^]= L,L^ - L,L, = ffiL. 


Cool, so L,\ = jftU. 


Rounding It Out: Su/itching to the 
Sphericut Coordinate Sgstem 

So far. this chapter has been deallnj; with angular momentum liras and Itels; 

L |],l> 

Thi: charm ol bras and kats ia ihat tJicy don't Jiialt you to any specific system 
of representation (see Chapter 2"). So you liaye the general eigenstates, hut 
what are the actual cf^rrtLrm:^no/js of L and L^? Thai Is, you're going to try to 
find the actual functions that you can use wUh the angular momenlom opera' 
tors like 1.*^ and l... 

To Find the actual eigenftincHons (not Just the eigenstates), you turn From 
rectangular coordinates, r, and to spherical coordinates because il'll 
mAke the math lutLch slni[>lf^r (after aIL, angtilAr mnmentTim is AbOLit thing.^ 
going around in circles). Figure j-4 sliuws the spherical coordinate system. 
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Ir tlt^ rerrAii^lzir ^CarrEi^ii^iiJ cnnRLLnarF .ny^rFin. ynii use x. y, Aitd a In arLent 
yunrseLF. Icl tJie spFicric^tl cuurdiiiate system, you slsu Litic ttir^e quantities: r 
9. and <{). as J^ijjuFe 5-4 sliuws. You □□■] traiisJate between tJie spticrical eour- 
dliiate systeiit and I tie reelan^lar uiie this way: TJie rventuF Is the vuetur tu 
tJie particJe that has au^nlaF momentum, e is tiie auiFt^; y [foul tJie z axis, 
and G \s the anj’le oF r From tFie x a?ils. 

I t^ jf - j* sLn I) coa^i 
y ■ ^'slnd &ino 
z = r coaS 

Cuiisider tJie equatiuns lur annijlar uioiiLuiituin: 

L^ = YF^-a’ =-jinf 

' 1. Jlz 5y . 


L..XP, w,. 

^Vhen yt>u tEilce iFll aii^lar niu men turn equations with itie spherical-COOrilL- 
nale-systein conversion equations, you can dorivo Iho Follow iiii^: 



jy rirjri":Hx:i i7 t-ieriTlI 
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+ j1.. 



j'CC6{^ ) 

sinfl J 


I. =]. -rl. 




J LUStf i) \ 
sinff j 


Okay, these efiTiatlons look pretty Involved. Ewt. there-s one ihln^ to notice: 
They depend only on 0 and 'p, which means their eiRenstAtes depend only on 
P and'll, not on tr. So the eiHenftincHons ol the operators In the precedlni( list 
can be denoted like this: 

^ 0. 01 /. JJJ J 

Traditlojiilly,, you yive tlie name V(„.C 0 ,to the eisreaEunctions oi ajijfular 
monientuin in spherical coordinaleSn so you have llte following: 

q) »■rst. 41 (. ni> 

Ml rifjht, time to work on lindin^ the aottifil form ol o). Von know that 
when yon use the h'and [..operators en an^pilar momentnm ei^lenstates, yon 
i^et this: 

L, I i rtl> = rtis 
So the Jollowing must be trrje; 

1 1 ^ L%.(0.4O-^CN i)hYn,(0.4j) 

UV^,Ca. 

Ir lact, yon can go further. Note thal L. depends only on 0, which suggests 
that you ran split up into a part that depends on 0 and a part that 

[Injiends ai] o. Splitting V,.^{0.4)J up Into parts looks like this: 

That's what makes working with spherical coordinates so helpful — you can 
split the eigenfunctions up into two parts, one that depends only on u and 
one patt that depends only on 41. 
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The eigenfunctions of in 

spherical coordinates 

Sr^tri by liiidiit^ the ei^-cctELJCtetiurLb. ul L. icL siiticricdl coord iiizLteii. Ln spkcnodl 
coordinatej, lEic Lj operator looks like this: 



So <) - Ls 

which \s the lollowinj;:, 

And because = K7TJiV^„CUl^t■X eqiidtlon can be written In this version; 

CancelliriR out terms Erom ihe two sides of this eqtiatlon slves you this dlWer- 
enrlal equation; 

This looks easy to solve, end the solution is ]ust 
(t5„.CoJ = Ce^™=■ 

where C ifi a coiistaait of inteifratioa. 

You cait tlelennine C hy ijiaistiiig lliat be fiomialiied — that is, Lhat the 
foLlowins hold true: 

Zz 

4 


riqn'^c 


-rini 



150 


Part III: Turning to Aniuhr Momentum and Spin 


which gives you 




So is ci^ual to tJiia: 

^M = 

VuLi'ro iiiaking pru^fross —yuu've L-lic;]] abit to Jctorcniiie t]]t luren ol 
so V|,{e.4>J = i:qualfi 

(3sr 

That'i great — yoijVe halfway there, but you still have to determine the form 
of tat*), the elifenlunetion of 1-^ That's coming up oejft. 



The eigenfunctions of l in 
sphericat coordinates 

Now you're going to tackle the eigeitfuiiclion ol L^^Sf,..(0).’T'o^J already know 
that in spherical coordinates, thel’ operator Looks like this; 


Tltal's quite an operator. And you know tliat 


{■It:} 


So rt|)]]JyLng the L® operatur to ^'^,,(,0,0} gives y-oa rtie tolluwiiig; 






I ft 


sin^ (Ht 






^■nvnqiiT-KC; 
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Aj]c 1 litraustt = !(_!*■ (t5) = this (!fiuii- 

tiuii L(;L'um4:s 


-h^ 

(2jr)' 


I 






[2s 

Wow, what have ycm gotten in to? Canctlllnij! t^rms and subtracting Ihe right' 
band side from |he led finally giv«j you this dfEltcentla] equation; 


I 


sin a 




Combining terms and divldlnju by e'"'' gives you the following: 


Holy cow! Isn't I here someone who's tried to solve this kind of differential 
equation belore':' Yes, there is. This equation Is a f.esc'tKfre etjua- 

Jiofi, and the sobitions are well-known. (Whew!} In j^eneral, the solutions tate 
this form: 




wltererA„(C 0 fie) is Ibe ie^rrdre function. 

So wltat are ihe Legejtdre functions? You can start by separating out the m 
depeatlence, which works this way wltli tfie Legendre (unctions; 

where is called a L^udT^ polynomiai and is given by the Rodrigues 
formula: 
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Yol] ?(U 1 iBp Ihis pfiugtifln Tc? derive Jhft Eirst Ije^Jendre polynnmwls like this: 

= 1 
^ 

^ [^a(j)-Vi(5j'-3Lr) 

PifY) • V" f- 3aY' + 3) 

FifY) - Vc - 70/ 1 

iin.[l so cm. I hafs wtiiir rhe first f-ew F|(jr) polynomials Loot ILke. So wluiE c3o the 
Assooiiited LejJeiitlre fonrtions. 7 oli ear also ealnilate them. Ytnj 

ran start off wLEli PuCa}, wJiere rn = 0. "i hose am easy Etcrause PjifA) = Pj(.jr), stj 

I >^ F,,(jrJ=r 

F^rW-'/KJ./-!) 

VM ■ 7j {Sl/ - Hx) 

Also, you can (ind that 

F„{j-) = f] 

K.:i{jrJ = - .r}‘^ 

F,;{jrJ = 3(1 -A-j''' 

t' P-Aa-'i = lo^-f] 

TJtese equations ijive you an us'ervieK' oE wtiat tJie F,^, FurLetluns Jook like. 
wElLuIi [neaiiE you're almust Joriu. As you iiiay recall, itie 9 part ol 

is relaiud lu the P,-,^, JuiiuEioiifi like this: 


eiv.W = C,.F,..Ccos0) 


And now you know whal the Py,, functions look like, t>nt what do C...„. the con¬ 
stants, look like'' As soon as you have those, you’ll have the complete angular 
momenttim ei^enFunctions. o}, because o> = 


/'-■pynr;r,-':fHv, ■'! r^rerial 



_Chapter Working with Angular Mnnientum on the Quantum Level 153 

You can yo alioul calculating ihe conatant^ the way you always calculate 
such constants of integration in CLuantum physics — you normalize the elyen- 
functions to L. For Yn.,fu.o} - that loolis like this: 

’] ] Y,,' [ O.i) ) sill 0 (10 = L 

j I- 

Substitute the followlujp three quantities In this equation; 

4 .) - 

t.' « Cn,.F,„(cosiJ) 

Voti get the Eollowlny; 

k’ ^ ' 2 

i-^[j^J|P^ (c;(isS)| sinflcifl=l 

Tlie inteyral over 4 gives 2:i. so this becomes 
|Ci, *||P*,'(cos[t)|*siny cli?= I 

You can evaluate tlie inteyral to this: 

I a 2 (^ + ^ttjl 

So in other words: 

Whirfi me-ans That 


(2/ + ])(^-m)! 




P„ [ cos e) where m 2: U 


[2^ + l){^-m)! 
2[l + m]\ 


where m 2 (i 



Copy rig htect mfiferial 
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So = 0^11(0 which is thft ARiJiilar momenTLiiFi filjJcnfTiiir t ion in 

jifthericB] coorrlinates, is 




[21+l)[l-mj! 
4jr{l +m)! 


where m £ (i 


The h met ions t^ven hy rhis eciiiation are caILfcI I he nf}m\iiiiz€(i hay- 

jjjorrrcs. Here are what the first tet\' [tomializeri sjiherical harnionics look tike: 

Via((t,4i)- W,iiy'’cos«t 

tw V,.^ [ = t(| ^ afh f> 

fScos^u - l) 

tw = 9ln^ 

4J) = n^'^sln-0 


J]1 lacr, you CA[L use tliese reJatioos to convert I tic sfrltcrLcaJ ttarmu-iiics to 
rcotaiLi^ler cuoriJiuatos: 

Sln^MS# = y 

y 

sin^sln^ = — 

tw (H!se=-^ 

r 


SubslLtritioR these eoiLBrloos into 

(ai + ])(]-ftt)l 


= (-Vl“ 


[l-mij! 


F^[cose)e‘™'whereTiq >0 givesyoothe 


spherica] harmonics in rectangular coordinates: 
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"ops'righiGd 



Chapters 



h lhi$ Zh&pv&r 

^Disi:ov£ri[ig$L>ui wilh Itie 5l€rn-C<erlacli en^erijnei^t 
^ Looking. Al pij'EciFitatP!; ^nd F^pin norArlnn 
^ Und^i'^t^ndln^ l^rml^n^ And 

^ Comparing the spin operator with Angjular momeLilunfi opertitore 
^ Working with sphi and TouLi nuilrices 


#i^hysicisi^ tiavc ijuggeiited tliat orbital BJi^Libr i[LU[ni:[Ltijn] isi iiot Etic 
W only kind of angular momentum present in an atom ~ electrons could 
also ha^c inlnttsic buLlt-hit angular momentum. This kind of buill-ln angular 
momentum ts called Sfjdft. Whether or not electrons actually split will ne^Tr 
be known — they’re as close to polntdike particles as you can come, without 
any apparent Internal structure. Yet the fact remains that they have Intrinsic 
angular momentum. And that's what this chapter Is about — the IrtrlnsiCa 
buLLt-in quanlum mer hanicat ^pin oE ;;iLh>Arnmic pArticles. 

The Stern-Gerheh Experiment und 
the Case of the Missing Spot 

The Stern-Gerlach experiment unexpectedly revealed the existence ol spin 
baclt la 1932. Physicists Otto Stern and WaHher Gerlach sent a beam ol silver 
atoms through the poles ot a magnet — whose magnetic Field wag In the 2 
direction — as you can see In Figure Ei-l. 
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SilvEr 


F^Urt S-1; 
Tue Siern’ 

Axpennieni. 


Spin up 

Spin -dawn 


Magnal 


Screen 


Because 4£ ud silver'^ 47 eject runu zire arraiij^cd in a syirirrielrieaL eluud, tfiey 
r^rl^r^lribulL; ilLrlJliiljr to the urbiul niOiiiOadtuUl uf tho EitOiit. TliO 47lll 

electron can t>e In 

I t^ The Ss state, In which case Jls angular monnentum Is / - 0 and the z com' 
ponent ol that angular momentuni Is 0 

The op slate,, in which case Its an^n lar mo men turn Lg ^ = l, w h I ch m eans 
tliat ttin z cuinpuiieut uE itsaii^lar momentum rmi lie-l, El. uf 1 

TImE 3ite:iiis iliot Stc;rji elu-cI GerlsetL eA]3ectL;iJ lo sec one or Eliree oi] tEte 

fiCrteri yOu ULie at righE iit PLiJUrt 6-1, CUrrCsjJoililiilj' tO Ehe diftereOl states oE 
Ehc i coihponeait af aitijular juroihcutoFti. 

But famously, iJiey sa^^- only two spots. This puzzled the physics commuitily 
for about three years. Then, In 1S25. physicists Samuel A. Coudsmitand 
Georye F., Ejhlerheck sujjgested that electrons contained Intrinsic ariyular 
moment^im — and lhat Intrinsic anj^ular momonlum is whal flave them a TnajT- 
netlc moment that Interacted with tho magnetic Eield. After alt, i| was appar¬ 
ent that some an^ilar momentum other than orbital an^ilar momentum was 
at work here. And tha| huilT-m gnjiiilar momenlnm came to he caEled sp/o. 

TJic bcfijit of Silver atoms divides in two, depending on the spin of tlie 47th 
electroji in the atom, so Lliere are two possible states oJ spin, wJdch came to 
he knowet as up and doiun. 
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Spin Is a piireljr cjiiantum mechanical effect, and there’s no real classical 
analog. The closest you can come is to liken sptn to the spin of the Earth as 
It goes around the snn — that Is, the Farth has both spin (because It’s rotat¬ 
ing on its a^tls) and orbital angular momentinn fbecause il's r^volvlnj^ around 
tho stin). fint even this picture doesn't wholly evplain spin in classical terms, 
because it's conceivable that yov could stop theHarth from spinnliii(, But yon 
□Eiii't stop cJcL'truns Irucn possess iii^ spin, and tkar also goes ior oilier sub- 
atucnit: particles that possess spui, sucli as prutuns. 

Spin doesn’t depend on spatial deiirees o£ Irecdom; even i( you were to have 
an eleclroji at rest (which violates tJie uncertainty principle^, it would sLill pos¬ 
sess spin. 

Getting boWn anti Oirt^f ufith 
Spilt md Eigenstates 

Spin throws a bit of a curve at you. t^'hen dealing with orbital angular 
monientujii (see Chapter 5), you can build angular iiieunejiLum operators 
because orbital angular moinenluin is the product of momentuni and radius. 
But spin is built ini there’s no rtiomenlLiiii operator involved. So here's the 
crus: You cannot describe spin with a differential operator, as you can lor 
orbital angular momentum. 

In Chapter 1 show how orbital angtil^r momenttim can he reduced to These 
[ttfferenl ial uperators; 





\JL-7JL^ 

I Hyi 


L, = zr,-xp, =-(h 



I. 




= - YP^ = -fJ^ 



And you can Find elyenfi met inns tor angular momentum, .such as 
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But because you can't espre&a s|>ln using tlllferentlal operalors, you can’t 
find cLgenftmctlons for &pln as you do for angular momertuni. 5o that means 
tfial you're left with the bra and kel wa>' of looklnuj! at things fbras and Itets 
aren't tied to any specific representalIon In spatial terins> 

In Chapter you also tako a look at things in angular momentuin terms. 
uitrodLicing iIlc cigcriiitatcii ul orbital aii^Lilar [nomentun] liko-tttis: 1^. 

(v^ficre i tlic angular iiioiiLciituin uiumluni [tuinbcr uiid tn u the quuiitu]]i 
iiLiniLcr of thi: z coinporLciit oi angular iiLOinuiitum). 

You can use the same notation tor spin eigenstates, .^s wiLli orbital angu¬ 
lar momentuni, >ou caji use a total spin quantum ULiniber and a quantujn 
number that Indicates the spin along the z axis {iVpjifr There's no tmezasls 
built In when It comes to spin —you Introduce a z a^tls when you apply a 
magnetic lie Id; by convention, the za^tts Is taken to be in the direction of the 
applied magnetic fieldT 

The letlers given lo the total .qpin qiiantiim number and rKe z-axis component 
u/i the spin arc ^ and rti fy'Uu scuiictiinus sec tlicni written as a and tuj. In other 
words. thocigensLates ol spbi are written as Is, 

Sei what possible values can s and jn lake? Thai's eoming up neKt. 

Hati/es and Integers: Saving Heth 
to fermions and Bosons 

In analogy ivirti orhilal angular momentLim. yon cao assume that fn {the z-axis 
eompooent of tlie sjiiiiJ can take the values -.t -s + I. s - 1. aiid s. wliere s 
is the total Spin quanLum number. For electrons. ^Lem and Cerlacb observed 
two spots, so you Itave 2s 1» 2, which means that s - 'fi. And therefore, f» 
can be *'h or-^/i. So here are the possible eigenstates for electrons in terms 
of spin; 

I 

I 'f\ 

lSo do all suhatomic particles have s = 7^? No]]c. Here are their options; 

I f^ FcTmioDs: In physics, particles with haJI-integer spin arc called A'lrn/un.s. 
They include electrons, protons, neutrons, and so on. even quarks. For 
e;iample, electrons, protons, and neutrons have spin s - % and delta 
particles have s ■ '/a. 
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And the eigenvalues of the 5= operator are 


Yon can represent these tvi'o equations graphically as shown In Figure 6-2, 
where the two in States ti^ve cliFEerent projection.^ alonij the z avis- 



Spin 72 matrices 

Time tu take a Look at tlie spin ci^erLStales and operaturs lur particles oE spin 
'/■ in loniis uF matrices. Tlierc arc only two possit^lc stales, spin up and sipin 
down, so tJiis is easy. First.. yOu can represent tttc ci^enstalc I lit^t: tJiis: 




V 

r/2 



And the elifenstate I ‘A, -'A> looks like this; 


11 / - 1 /> = 1 
1 /:^, / 2 ^ 11 

Now what about spin operators like S'? The S* operator looks like this In 


mairk toraia; 
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16/t 


V i/lsM 1 / ¥ '> 

\/2V2 ^ 


y 1 / 1 / cJ 

^/r /2 




Anfl thla worka out to te the following 





1 0 
1 } ] 


Similarly, you can represent the S, operator this way; 
S. = 




<K.-KslK-K> <K-KlslK-K> 


This works out to 





(I 

-I 


Usijii; tlie jiiatrix versioji o( S^ (or ei^aniple, you caji lind itte z ounipuiient 
of llie spin of, say, tlie eli^enstaie i% fiadiaii Ike z componenL LtH>ki 
like tliis; 

% I 7 >i-“'/ 3 > 

Putting ttika In matrix terms Rjvea you this matrl;: product; 


h 

1 0 

C 

S 

0 1 

] 


Elere's what you get by performinj; the malrix multipllcatioa: 


h 

1 0 

0 

-S/ 

0 

2 

i) -1 

] 

~Y 

1 
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And putting tdls back In to kct notation, you yol the lollowing; 



Huvv aLtuut the rabii]]}' aiid lu^verinif u[ierdlor^ ai]d Ttic operator 
LooJu like tJiis: 

/>■& ] 

I , 1 } d 


And the lowerlrju operator looks like Ihlg; 

S = 

;r‘[l d 
I |l 0 


5o, For esampLe, yni] enn finjure oliI wtinl S^l '/s, is. Here it is in maTrix terms; 


L 


W I H 
0 0 1 


FerJoritilnj; ttic multlpllcatioii j’lvw you this: 


}, 

0 

1 

0 


1 

1 

d 

d 

1 

] 

0 


Or in kel forjn, it's SJ^ I 'Ai Cool. 


Pauti matrices 

Sometltiies, you see the o|>erators and Sj written In lernis of /^uff 
n]a/rT4.\?s, and Here's what the Pauli matrices look lllte; 
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Chapter 7 

Rectangular Coordinates; Solving 
Problems in Three Dimensions 


la Thh Chapter 

^ E?<plorin^ Itie Schr^dLnj^er e^uaLioci in the x, y, and ± diineneioas 
^ Working with Fr^e jiarticlfj; in 
^ Oettln^ into poT^nfials 

^ Seeing tiarmonic oscillators \n 3I> space 


■ ^ne-dimensional problems are all very well and good, bulthe real world 
has three dimensions. This chapter Is all about leaving ore-cllmenslonal 
potentials behind and starting to take a look at spfniess quantum meohankal 
particles 1 n three dimensions. 


HFre, ynii work witit three dimensions in rectangLiLar cnnrdLnates, starting 
witi] a luukaT tlie Srlirdrtmger e{[LnrLan in glorious. rnaJ-lEFn Yun rtinn 
[LcJvc Li]tiJ Free particle^i. bos potmitidls, aiuL Kanitonio oscillators. iVote: l!y 
tJie way. tJie ne^it cltapter uscb spherical cuunJinates because some prublecns 
are belter i]] One system tttaii itic Other. Problems with spherical symcnelry 
are best handled lit spherical coordinates, for evample. 


The SchroSn^er Equation: NoiP iti 30 f 

In ono di]itc]]sion, tlie timc-dcpcrLiJciit ^cJirudinger equation (uF tbe type ui 
CJiaplers IS and 4 that lei you iiiitJ the wave Eunction) luuks Jike tliis: 
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And you can generalize that Into lltree dimensions like this: 


zIl 

2m \ 


Uiiiiig tJie LapbeiEU] oi^erator. you □□]] re^ELst tliiii iulo a Jiiorc cuentuot Eonii. 
Horc'ii Vr'liat iKl; La|)lac:iaa luukii Jike: 


( + ^ 
fJv" rJy= J 


= p* 


And Iiere's the ^[) ^chrortiriijer eciiiation nsin;; the pl^cian; 

V (J^,y, ^. ^} + V [ Jf, y, j!, 0 ( -f ,y, V)=r^.'HV) 

To sotve this eciiiation, hregkmit [Ke> tiitte-dependent pari ol Ihe wave 
fuitClLojI: 


Here, y .is the solution of the 11 mo-independent 5chrddlnf;er equation, 
and f: Is the enerRy; 

( x.y, z)+v{x, y.z ) A . y , i ^ ^) 

So Far, 5 0 ijorKl. H ut now you've nm into a wa 11 — the es pression ^ V [ ] 

Is in general very hard to deal with, so the current etjuatlon is In general very 
Fiard to solve. 

lSo w hal shoij Id yni l do'? Ws IJ, you ran Eon is on the nass in w KLoh t he nciiia- 
tion u; w/jorafo/i? — that is, wherrH you ran separate out tha jc, y, and z dnpen- 
[Le'ik;^ and FLntt the soJiilLan in aarlt [EimensLnn separately. In otEter words, in 
separahJe cases, tlie potential, V(jr. y, z'j, Ls aErLLall>' Itic siicn ul Ittc jc, y, and a 
potentials; 


Now you can break the Hamiltonian In ^VV(^'.yF^) + 
= EL^^r,>',z] inlo three Hajiiililonians, H„ and H^: 
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(K, 4- H, * H Jvt-i-. IV 
wkiin.- 




When yiQU dlvhie up The Kamlltonlcin as In # H, t i' z) = Fy(J^■. y, z)^ 

yun L;aji alsu [lividc up tlie wuvt: Enitctiou thal suIvuk. tJiat (.‘tiuarLun. Ln par- 
ticuluF, you ZBi] bmik tlto wave fuuotiuii into tJirco purlii. ouc Eor jf. y, Euid z; 

>■,;) = XU)VC.v)Z(z) 

Tlvat's going lo jnaJie life considerably easier, because now you can break ibe 
HamiUonlan up Into three separate operators added toyeltier; 


2f7j 


4 .V.(j.j 





The tola] ener^, F, H now the ium of the y comperent's ener^ plus they 
components ener^S' plus the z comoonenl's enerRy; 

K = F, 4. F, t K, 

So yon now have Three iuriepeurient Schrnrtiuger eciuations for the three 
dinteaslons: 
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3 -X[A-) = F.^J([Arj 


v*' 2m fly'' 

u* 2 m f)=" 


V(r)-li.V{y) 
Z(z) = E.Zfz) 


IF you rowrlSc tho&c cquatioris In term? oJ the wave numter, ft, where 
** - ■ th^n ttir?e rcmtitpons hrecomf Ihf InlFowini^: 

In ! hi 5 sec (ion. yo u I c)ke a look at the 5-ol u t ions to 1 hese eo uol ions, Cmd t he 
triisl rnfr(jy,.ond o^kl time if|>rnd?noe. 


The )Cy and z equations 

Triktt look ;i( 1lie x <^|LL;iliiMi for 1lie frhn [:;irtielM-, ^jX[jr } = -fr/X(jt). Yrui 
Ciin write IN ijtuierrjl ^iolLiLion ns 

XtA::i - Af "'■ 

Thiit Is a plane wave, and normalI^Jny it [as I diteuas Lit Chapter 3) gives you 
this. 






'I'lntt y Z ::«l^1]]Ol14^'^lL^ Ec^Llow 1tie lonn: 


C c py rig hted m ateri al 
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Note t^at k/ * fiy + kj Is the square of the n(ia^;nltiicle of ft — that Is, ft\ 
Therefore, j'ou can write the equation for the total energy as 






Note that l>ecaiise F Is a constant, no nnalter where the particle Is pointeci, 

alt the eipenhinc tiona of X( j) s (jf Jy [ ) = -fr, *v [ y), and 

rl ^ 

fpZ(z]~-k/Z{z] are infinitely dejienerate as yon vary tr.^ and ft.. 


Adding time dependence and 
getting a phgsicat soiation 

You can add time detrendence to the solution lor y. J)- you >v 

z, I}, if you re mem her tfiat ^ ( j, y , z, /} = rpf | jr,y, z , That ec] nation ^ives 

you litis lomi lor o(jt; y Z. f}\ 

r 

Because ^“7"’ equation tiirna into 
^U,y.z,r) = — 

[3sr 


In lad. now that the right side of the equation is in terms of the radius vector 
r, you can make the left side match; 






I'hat'Fi tfie .■solution to rfie .Srfirodinger eqiiation, hut it's Linphy;;iral {as I 
tEucLiFiFt for the one-climen;;itmal Snlirodio^er equatloji lor a free panicle Ln 
Chapter 3}. Why? '['ryiri^ to tit^riiLeJize rttlH et|LiatiDU in rtirae tLlmens loiis, fur 
csatnpLc, jflvca you the loMowui^, wIutc C is a cottslatir: 
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Figure 7-2; 
A box 
patEntial 
in^D. 



Inside the bo^, sftv that V(j, y, z) - 0 , and outside the be?f, say that V(x. v, ■ 
So you hflvt th^ following; 

V[j,y,j}= 0, wIiL-reO-^ jf 0y < 0 ^ z < 

M otherwise 

Dividing V{x. y, 5) Into vXv), and v.(;^) givea you 

[^V,[j^)= 0. where 0 < jf < L^. 

otherwise 

V^. [ y I = tt, where U < y < L ^ 

“ Otherwise 



'^v,[zj = 


[>, where 0 ^ z < I . 
w otlierwise 
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Okay, because the potential yoes lo infinity at the walls of the bon, the wave 
function, tiff-CK .n must j;oto zero at the walls, so that’s your constraint. In 
30, the SchrotiInjjer equation looks like this In three dimensions; 

^ ^ V [ r. i ) + V( Jf.y, J ) \}f f x,y, £ ) = E Jr, y, i) 


Wrltiof tfifs out jjilves you the followlnp: 





Take Itiis (linieji£ion by dimention. Because the potential separable, you 
can write r, a) as y. a) =• X(jf)Y(.v)ZW- Inside the bos, the potentiaL 
equals Eero, so the SchrAtlinjjer equation looks like this Jor x. y. and s 








Tlie ne;(t step is to rewrite tliese equations in terms of the wave nuuiherf k. 





, ynu ciin write the Srhrddmi'Fr eqitiilLrnis lour, y, and z as 


t he fol lowing eq uat Ions 




riqn'Kc 
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Start Ijy taklaj; a look at the eqtiatlon tor x. Now you have somethin}; to work 

with — a ^ecoTid orfler dilferential equation, = . Her? are 

the two Lntleijendcut soJulioits to this etinatio]], wIiLire A and B are vet to he 
[tetemi ifittl; 

It^ - A 

X;(A-) = B cos(ftjr;i 

So the lienerg] ^ohition oF Is The sum of the last two 

equations; 

Xfj } = A sintA.r) t H <:os{*j1 


GrOzit. Now tELke a lOuk at delerjiiictiair IKl eiiOriiy JevOls. 


Oetemitting the energy tei^ets 

To be able to determine the ener};y levels of a particle ia a bo:t poteatial, you 
need an exact value tor X(v) — not iust oae ot the terms of the constants A 
and E. You have to use the boundary conditions to find A and B. What are the 
houndajy conditions? The wave ftmctIon must disappear at the boundaries 
of the hojr, so 

If^ X([l> = (h 
f^X(L,.} = [l 

So the fact that Ty(0) = 0 tells you rij|ht away that B must be 0, because cos(Cij 
■ I. And the fact thatXfL.^-C) tells you lhalX(L,)* A sin(A,L,) =0. Because 
the sine is 0 when its argument is a multiple of jt. this means that 



And because 


2rJiE 


it means tliat 



n. * 1 . 2 , 3 ... 


2;j'jL, 


C opy rig hted m ateri al 



Ch^pt&r?: Rectangular Coordinates: Solving Prnblems in Throe Dimensions 181 


That's the energy in the component of the wave function, corresponding to 
t he quantum numbers L, 2,3, an dl so on. The total energy ol a part lole of mass 

in inside ihe boK potential Is F = F, + R, t R., FoLlowin^i ^ , yoti 


2fiiL. 


havL tlii£ lor aiid 


E 

•' ^=l, 2 . 3 r 


E. = 




rj,al,2,3... 


So the total energy of the parilcle Is F. ■ R,. • F,, * F.. which equals this; 


E« 

imL* 

nW 


rr,=U.3... 
rr,-1.2.3... 
rr »1.2,3d.. 


And there you have the total energy of a parlicle in the bOA potential. 


Nermaltzing the uf4tt/e function 

Now how about iiotmalialiigthe wave function y, i)? In the dlmeitilon, 
you have this for the wave equation: 


X[dV) = Asln 


n JITJC ^ 

“nrJ 


So the wave function is a sine wave, going to ^ero at jt - 0 and x - L- You can 
also insist that the wave function he nortnalliied, like this: 


l.J[X(..)|'Ar 

I 
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By normaUzIny the wave liincttoi, you can solve for the unhiicwn constant A. 
Sub&tLtiitmg for Ln the eciuatlon gives you the follow Ing: 






V ■ if L L, 


Tiiert-dorc, I "[aI* j sia*| bccuiiitJi | =|A]*^y^ . wtiicl] iiicEiJiii yua 
can solve lor A: 



firs At, now yniL hAve thfU'nnstAnt A, ad you sad jJeE 

Now i(et y. z}. Yoti caa fllvide the wave function Into three parts: 
iV(Jr,,V.z) = XCjrlV(,vJ/Czl 

By Analogy with X{xX you ran Einri Y^v} anti 'Z(z): 




n, 




So 4jCr. y equals the following: 



rj,« 1.2,3... 
rt,. = 1,2,3... 


riqn'K 
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Frgun 7-3; 
A lurmuric 
ciscillalQr. 



Thf; rFFilnring Eprre has tha Fniriii F'j^ = -k.^ in nne rfimensinn, whfir? u 
tJli: i:Otl;^tarLt ol i^rOpurtiuiiuLiiy bi:lwtL:[t thi: furCC Pi] itlL: i^Eirtit:k JtlJ tht: 
Loi^^lian ol Ihc parlicLi^. Tlit poicniia] ol partiok a JunH^iloji 

nf lofarinn jf is . Tbiks is also 5fimfitint?fi wriTlen as 

V/hPTf. 

|ji Itiis- fioclian. you lako a Look at Lhe haroioiiLi: o^ciLlaLor io Ihree dlmerL- 
iions. In Lhree dimensions. Itie polenlLal looks like LhJe: 


V [ jf, y,z ) = i FTti?^.'jf * -I- i ^ 


' / rn 

*=v 

f / m 


.-y 

/ m 


tn 


Hi 


Now That yon havs a lorm Eor the; potFnTia], yon ran starT talkLn]^ in TFrms oE 
^ohrotlitiijer's stiualLon: 



rli" .la" 




jf,y.z)-‘-v(j:,y.z 
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Chapters 


Solving Problems in Three 
Dimensions; Spherical 
Coordinates 


h Thf$ 

ill spherical CDQrdjnates 
^ Jtf^t |)^rticles in sjiherir^l roordictafF^ 
^ SqLLArF wfII pntFntLnL; 

^Isotropic hArjnoiilcoscll]f3tors 


m n your other life aa a sea caplalri'Slash'pilot, you're probably prelty 
4 fam H lar w I th latklud e and longilu d e — coord I nates that bas leally na me a 
couple of angles as measured Irom itie center of the Earth. Put together the 
angle east or west, the angle north or south, and the all-important distance 
From the renTer ol Ihe tarth, and ynn have a vector that ijivej; a jjnnri ttescri|i- 
tioii [»E loratLnn in Ihrett dimensiaiis. I'hat vector is part nF a !;phffrira> raanii- 
nata xysiant. 

Mavigaturs talk iiioro abuul ttti: pair ol arises tJiaji itii: distance ^‘'Earth'ii sur¬ 
face' i'i gcaernlly iipCCJliC enoa^ti lOr theiil), bul tjoaiilani pliysiciiils Find both 
angles and radius length imporlant. Some 3D quantum physics problems even 
allow you to break down a wave lunctlor Into two parts: an angrilnr part and a 
radial part. 

In this chapter, I discuss three-dimensional prohlems that are best handled 
using spherical coordinates. fFor 30 problems that work belter In roctangii- 
br eeortlbiale sysrcnis. see Cliapter T.) 





Part IV: Multiple Dimensiont: Gaiito 3D with tluantiim Pliysics__ 

A Neu/ Anqte: Choosing Spherical 
Coordinates Instead of Rectangular 

Say you ttavo i 3D bo\ potential., and thai iliC pOtOiitiaJ wcU that Itto 

f>artklo is Ln looks liko thi&. i>'hkh is suited to worldn^with rectajii^Li- 

br ooordijiaLe&: 


V[A-,y..zl = 

Because you caa easily break this polenlbl dowjt in the x. y. and £ direcliojis, 
you can break the wave function down that way, too. as you see here: 

iH{;f,,v.z) = XMVCv)^Czl 

Solving for the wave Eunetion ^ifves you the fullowin.ij normalized result in 
rertan]jL]lar etvnrrtinates: 


n, wtiere t)<y<l.^, 0 <z<l.. 

™ mtirrwise 


Vf{jf,y.z) = 



sin 




-sin- 


sm 


(jT.trz] 

~x~ 


n, = l,2,3,., 
■ 1.2,3... 
= 1 , 2 . 3 ... 


The enenjy levels also break down into sepBriite oontrihutions Emm all three 
rsctanjjLilar aKss: 


L = tjj. Lj 4 t. 

And solvioj' Jor E gives you this equation (Jrom Chapter 7): 


Ea 

2mL/ 

n W 
+—^- 

2mL/ 


n, = 1.2.;T„ 
n^ = 1.2,:3... 
n. s 1,2,3... 

d ' ' 
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Slit vi^hal II llte polenllal w«ll a panicle \s trapped in Itaa spherlca] sy nnmetry, 
not reclangiilar; For example, wtiat If the potential well were to look like thia, 
where r Is the radlLis of the panicle’s location with reapect to the orltjjln and 
where fl la a constant? 


V[r)= 


tl, where U < c < o 
Otherwise 



Clearly. IryinjF to atulf this kind of problem inlo a reclaagular^oordinaleti 
kind of solution la only aaklny for trouble, becatise although you can do It. It 
Involves lota of sines and cosines and results In a pretty complex solution. A 
mnch better ractic is to solve this kind of a problem In the natural coordinate 
system In which the potential Is expressed: spherical coordinates. 

ni^ure &-] shows rhe spherical coordinate system nion.ij with the correspond- 
i]]}* roctdOL^Ier cuonJ.v. y. and z. In tftc spherical coordumte systcii], 
you locale points with u radlii^ vector iiamed r, witieh has three components! 

I e' An rconipojient (the leojfth ol the radius vector) 

0 (tlie an gle fro m i axis to the the r vecto r) 

(pf the anple Ere m rhe ^ ■ a v Is to the the r vector) 
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Taking a Good Look at Centraf 
Potentials in 30 

TJlis cJuplLir Oil i^roblocn^ tliEii Lnvolvi: ptttEfitfisL — tJut i:t, 

fil>hcrica]ly Syclinittrltaj o( l\\ii kind wlinro V(r) - Vfr). In ntJlCr 

words, tho potenlia] H ]ndot>^n^^iit oE the vooLor iinLure of t]ie rjdius vtctozi 
the i>otentinL det>end£ on ojily tJie nm^ilnde of vector r (\vhjoh is r). nol on 
t ho aofle of r. 

When yon wort on prot>tenis Xh^X d. COnlral poronHal, you’ro able lO 
5 ep3 rate fh e wave fti ncl Ion in| O a radis I psrt ( whie h depends on t ho fprin oJ 
t ho poten t ia l> (1 n d an anjjylar part, ivhie h is a S phorLoel harmpn it. Read on. 


Breaking dmOn the Schrodiager eguation 

TJtc SclirLkllnj^er CLiualion Jooks like this in three dimensions, where ^ is the 
Uipljciin operator (see Cliapler 2 (or more on operatorsJ: 

^A^(r) + V(r)v.[r)-Eiy[r] 


And the Laplaekan operator Loots like this kit rectanj^tar coordtnales; 


.\ = 





3z' 


In s]]h«FieaL coordinates, it‘sa littLo messy, b-nt you can siin]]JiEy later. Clieek 
out rtin splierinal LaplacLan opnrakor: 




Here, l’ Ss the square of the orbital angular tnomentura: 




siny3(?l 


sin'i/ 


So In spherical coordinates, the Schrddlnger equation for a central potential 
loolw like this whert yon substitute in the terms; 


2in r 


r(^) + 


^L>(r)+V[,)^(r) = Fvr[r} 


l' c.; j j V fifl h"'?;!:: 17" aferi tl\ 
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Take fl Idok at the prec^flini; efitwtion. The hfs-l Term actual^ corresponfls to 
the rniiifjl fiinetir pjipjjy— That Ls, the kinetic enerijy oE the panicle mnvini; 
in rhe radial riirectioti. The seconrl term cnrrespcincls- to the mfn/'/anrjJkj>iertr 
erKT^v. And Ihe third lerm nornts ponds ro Tlie pittantfiii pnpjji_v. 

So t^Eiar catt you say ahuul the soluEiuiis lo this versLun ul ttto SctiFodiii^ri^r 
equation? You can tiole that the lirsl term depends only on r, as does the 
third, and that the second term depends only on angles. So you can break 
the wave function, i|i{r) * i(j{r, h, into two parts; 

I t^ A radial part 

A part rtiBT riepenris nn rtie an^iLes 

I'his i^iasjiecial property nl prubtems wirti central potentials. 


The angular part af^plr, 9, <t)i 

Wheii yoo have a ccutrul potential, what can yoo say EibuLit itto angular part 
ot 7(r, e, The angular part must be an eigentunetioii of L^,and as I show in 
Chapter S, the elyenfuncllons of are the spherical harmonics, (where 

i Ls the total angular monfrenltiin quanliitn number and ni Is the z component of 
the angular momentum's qtianmm number). The spherical harmonics equal 

I 

P(„[cost))c“^ whereftt >0 

Here aife the Urst several normalised spherical harmonics; 

Y„jf±1 ^ e'^sini) 

^ j' e*^snn^S 
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That's whal the angular pari eJ the wave function Is going lo he: a spherical 
harmonic. 


The radial part Qj 

Voti can i(lve the radial pan of the wave function ihe name R^,(rX where ft 
Is a quantoTn number correspondlnij to the quantum state oE the radial part 
[>f the wave Eunction and Ms the total angular momenttim qnaotLim mimher. 
TJ 11 : radinl |JEirl is s>']iiiiLctric wilti rcspccl to augJcii, su it CEiii'l on m, 

tJie quauium iiuiitLier ui the s cumpoiient o( tin: augoiar niujiiejituin. In olhcr 
words. Iht wave Eunction jor pariiclcti in ocntml potentials Looks like tJio fol¬ 
lowing eciualLoji in spherical coordijiates^ 


Tt'Cr, 0 ) ■ R,.iCr)Vft„(0, (|>) 


The next step Is to solve for In general. Substittiting vfr, ft, 
From the preceding efinallon into the ^tirddlni'er eqtiallon, 


-if* —f r K j (■ r ) 1 + :E mr^f V [ r) - e] + 




= () 





Okav. what can vou make of this? First, note (from Chapter 5) lhat ihe splieri- 
cal harmonics are eigenfunctions of (that's the whole reason for using 
theni), wiifi eigenvalue J(f + 

So the last lerm lit this equation is simply i(i « ])n^. That means lhat 


-/r*—R^(r)]+2mr = [v[r)-F.]+f(f+ ]]A^ =0. which equals 

^ ri 1. ^ ^ 


)l + jtrnr-rvfr)-Kl+ * -\} fflfcpg the form 

R,[r)^lrM M LI.' J 


2m dr 




V[;-}. 


Srrir' 


[rR,[rj] = E[rR.,(r); 


The precedlrg eqtiatlon Is the one yoti use lo determine the radial part of the 
WAVff Eiinctinn, It’.R- rAlled the- luiitnl irijtTiitton Eorfl reinTraJ potentiaJ. 
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The wa^ Sroii usualljf Jiandte this e<iuallon ia to suballtiite n for wliero k ■ 
C2flTE^,y '',''ri, io that becomea This aubstlliitlon meana that 

[r R^(k)] = E[r El^[f)] becomes Itie folLowIniJ: 


p rfjp 


]- 


/(/ + ]) 


R,(p} = 0 


In thta section, yon see how the apherlcal Peaael and Men man n functions 
come lo the rescue when you're dealing wlih free parikles. 


The spherie^t Bessef and 
Neumann (unctions 

TJit radial pari ol the equation, ^ ^ ^ 

p dp 


P' 


ti,(p) = d^ 


Looks Loush. but Lhe solutions torn out to be well-known — this equation is 
called the iph^ncai epuaftort, anti the solution is a combination of the 
spherical Bessel riinctioiis [y'lQi)] and the spherical Neumann riinctjons Irc/jp)]: 



R.fp) = A,;/plt B.oXpI 


lSo what ere the spheriral Uessel Fitnolinns aatl the spherLoal ^euinanti func¬ 
tions? The sjiherical Bessel lunctinns are ijLven by 




!jii]/j 

P 


Here s what the First few iteratLons oE//(p} look like: 


Je[p) = 


liirip 




an^ cnsp 


hip}' 


3sin^ Scosp sLn^ 
~~P p’ p 


How about the spherical NeiLmann fi mot inns? The sjihericaL jMeumann fane- 
t inns are I'Lveji hy 


n,{p}=-[-pt 


' ] d Uosp 

.p^pj p 
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Here are the lirst few Iterations oi 






rirjsp Siirip 


p A' P 


The timits for sniitil md (ar^e p 

AcoonJ i]]}; to I lie ^ptrerloal Bessel equatioct. the radial frart of the wave luiie- 
tion tor a tree particle loolcs like this: 

RiCp) ■ KjAp) * Birr.^) 


Take a look at the spherical Bessel functions and Netimann lunctions for 
small and larnep; 


Small pi The Hesse] FiirierLnns reduce To 




( 2 ' + l}! 


The Neiitiiaitit lunelions reduce to 


h,[p) = 


2U\ 


LfiTffe p: The HesseJ Eisnctinns reduce to 
The Neumann hinclIons reduce to ^Ap\ 




Note rhal rhe N'eutnann Eiinclions divert lor small p. ThereEorCv any wave Func¬ 
tion that includes the Neumann Functions also diverges, which is nnphysicat. 

So the Neumann functinns aren 't acreptahle Fimctions in the wave Euncrinn. 

I'Jiat Jiicans the wave Eiiriction T|j{r fl. which eciuals K„itr) Y|^[0, <()), eciuals 
the Following; 

T(i(r. 0 , 0 ) 0 ) 

where ft ■ Note that because if can talte any value, Ihe energy 

levels are continuous. 
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HandUng the Sphericttt 
Sgmre Well Patentiaf 

TeiIcl; a Jookal a ^pttLiriCal ^Lfuar^ wi:IL |jOli:iUiEJ ud itli: kuld yuu Ceui in 

Fli^njFC B-2 0 introduce >v'C]ls ia. Cha|jtcr3). TtiLs polential imps particles 

uiside It. MaihcjnslLdialty^ you caj] express the square well potejUial like iKis: 


V(rJ = 


-V^, wlicre 0 < r < u 
0, wiherF r >a 




F^iin B-3: 

The 
splierirnl 
sguarC well 
pOtcnii^L 



N[»Ee that Tltit^ poteatiaL is. apttFrically ^ymmetrir atitl varia^ oaLy ia r aot ia 
ur 4)- You're dealLaywitl] a central puteatiaL su you can break titc wave Fuac- 
tion inte an angular part and a radial part (see the earlier section “Takinga 
Good Look at Central FoleiUlals in 3D '>. 

This section has you lake a look at itie radial equation, handling the two 
cases of 0 < ?■< a anti f'> a separately. 
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Inside the sttunre WeU: 0 <r <a 

For a apherlcal aqnare well potential, here's what the ra<llal equation looks 
like foMhe rejiLon O'cr^a.- 

[rR,(r)] = E;[rEi^[f 


In tliib. rc^Jiu]], V(r} = so you liavc 




2ni 




V(r) + 


j(^+i)a= 


2Tn 5r' 


[rRv[r)]- 






[rll,f^}J=E[^R,{r)j 


Takiitg the V,, term over lo the riglil i^ives you tJie tollowing: 

[>• Rsr(^)]=[R+'';kT*ni{''j 


2m ar = 


AotJ liere's wliat dividing by r gives you: 


Tlien, multiplying bv you yet 


Now make the change of variable p ■ kr, where Hr - (2rt]|^ +Vi,))^''^/n^ so 

thaiKXrl beconnei = UslnR this iubitlttition means that 

|-V„. where 0r ^ a u j n - d 

takes tJie tolJowmg form: 


v[0 = 


tJ, where r >ir 


d^R,(p) 2dKjp) 
dp' p dp 


] '('+') 

J —-T- 

P‘ 


kj(p}*o 


1'his is the sjihericAL Uessel eoimrlon (just as you see For the Free particle in 
’^HanrLLing I'ree FarFicles in .^D with ^SjihericaL CoordinatesI'his time, k = 
[2Htt(E +V,i)]''Vh, not (2rnE>''''Vfr. Thai makes sejise, because now the particle 
is trapped in tlie square well, so its total energy' is E + not just E. 


C c py rig hted ni ateri al 
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dfl- p cip 





R,{p) = U 


1 he snJiitinn 7i fninliin^^tioii nJ s]]h{!ricAl liint^tion!^ Anri Jiph^TLr;^] 

NF!i]]ika]]i] EL][kc;tio[L!^. wli^rn it; a rcknKtant: 

i^iCp) = C^LJiCp) rrXpJ] 

So the radial solulloji ouliIde the square well looks Like ihls. ^here tinutrti^ ■ 

j = Br [ h (h ^) 


Fru]]i I III prcLLdiii^ scLliuii, >'uu know tliAl the wave Euckction inside the 
Square well is 


So Lluw du ymi liiid ttie constants A,- and E,>? Vou Einrl tlirtse constants tlkruu^^Li 
coLklijiuity CONS trail its: At ELll Liisidc/rkLitside buujidary. where r=rr. the wave 
fuitclLoji ajid its first derivative must he continuous. So to delerioJne A| and 
Bf, you have to solve tlaese two equations: 




■■I 1 ,^ 





Getting the Goods on Isotropic 
Harmonic Oscittators 

This section takes a iook at spherically symmetric harmonic oscillators In 
three dimensions. In one dimension, you write the harmonic cisclllfitor poten¬ 
tial like this: 

Vfjr) = imra'jr* 

3 ft 

where ^ ^ 1 '**^ 

harmonic oscillator is F - -h:'). You can luni these two equations into Ihtee- 
dlmenjlonal versions oE |he harmonic potential hy replaclnijj A'with f: 



^riRl 
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V(r)-^wjfciV’' 

where Beeause this |>(>tentlal is s|>herlea]ly symmetric, the wave 

FLinrrlDr to ht^ of tli^ Eoii[»wm^ form: 


where you have yet lo solve for the ratllal liinctlon R„ifr) and where Yin{o, 
(tescrLt>es the spherical harmonics. 


I'he ^rlirdrtln^er e[[LiarLnn looks like titis in rttree [timensLons: 


^i!l 

2/n 


[r Rv[^)]+ 


V{rU 


2fnr^ 


[rR4r)]=E[F-R,fr)] 


SiiLislLtuticiir [or V(r) Irom v[r) = AmtitV* jjhi'es you tlie luJJowiriii: 


dill 




1 . . 

:^TnritV* + ——^ 

2 2mr = 


[, rtJr)l = n[,R,(r)] 


Well. tJie suluiion to this equal Lon is pretty dillloult to obtain, uud you're not 
ifOicLLT to ^aiit uUytiling by goLny tJiroui|t] itic maitt (padres aud pa^es ul it), sO 
here's the solution: 

.. (0 = ] 
where e;ipCji> = and 



Ajid the L^V) tuuctious are the tieneraliied Laiiuerre polyjionilalfi: 


L..-'(r) = . 


ul iir 
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Wow, Aren't you gla<J you didn't sloy ttirouj^h the malhT Here are ttie first few 
generalized Layuerre polyncmilals: 


^ L|'1r)='--r + f) + l 




, t,- \ (d? + 0 ^’ ftf+ 0 [*+^)r , ffr+l)ffr + 2 )[i+,'i) 

? 9 ■'■ ft 


AIJ riyht, you have; ihu form for R„i(r). To liild the CuiHjjlete wave luiiCtiOu, 
S. a>, you iftuLtiply !>>■ ilie ipherlcal harmojiici, 'Vi„(e, o): 


Now take a LltoJi ai the lirftt few wave liuleliuiiS for itte i;^OtrupiC hamiuilie 
o^eiLLator in ^tplierical eoorJiitale;$! 

- (r, ^ y exp^-m (d ] Y, [ } 

[ ^ f j 

' V 114 , ^i ™y r cx|j -maj J 


S 


H ■ 


As you can see^ wlieii you have a polenllal that depends on as with har¬ 
monic oscillators, ihe wave function gets pretty conipleN pretty fast. 

The eneryy of an Isotropic 3D harmonfe oscillator Is <iuantlsedl, and you car 
derive Itie FolLowini; relatipa for the enen)^' levels: 

E, = rj-h ^ jnw rr 5 = 1 , 2 , 3 ... 


lSo the eneryv levelFi .‘itarl at Sflcoi/^ iiart then ]^d to and so on. 
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^opyrighiGd Ti^jfvhql 



Chapters 







h lhi$ Qh&pv&r 

^ The S(;hr6LlLnj;er etjualioii tor liydrogen 
^'i'he Farlial wavfifunctions 
y- Fn^ri^y 

^ Location of ihe otectron 


j\Jot only is hydroyeo ihe most cojnmon element In the nnh-'erse. bul it's 
/ V also the sjinplest. And one ihinj; quantJin physics Is };oo(lal js predict' 
Inj; every till ny about simple atoms. This chapter Is all about the hydrogen 
atom and solving the Schrddlnger equation to find the energy levels of the 


tiydrogen atom. Knr Jiiich a Jimalt lirtle giiy, the hydrogen atom nan whip up a 
Lot oE math — and ] solve that math In this nhapter^ 


Using tlie Scliiddlngni tMtuarltni tnJls yon itisE about all yon need to know 
about tJie hydrogen atoiti, mid it s all based on a sittgJe assuiiaptioti: that I he 
wave lunctiun must go tu zero as rgues to iniinJty, whieb is tvJiat makes solv¬ 
ing the Schr&dlnger equation possible. [ start hy Introducing the SchrGdlnger 
equation for the hydrogen atom and lake you through calculaling energy 
degeneracy and figuring out how far the electron Is from the proton. 


Coming to Terms: The Schrodmger 
Equation for the Hgdrogen Atom 

HvdrOgejl atOiiis arecutnpuSed of a Single prolon, aruaild wllielt rotates a 
sijigle eleclroji. You can see how iJial looks in Figure S-1. 

Note that the proton Isn’t at the exact center of the atom = the center of mass 
Is at the exact center, in fact, the proton 1s al a radius of from the exact 
center, and the electron is at a radius of r^ 



H 


^riRl 
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Fbgun 9-1; 
The hydro¬ 
gen atam. 



So what does theSchradlnyer equation, which will give >ol ihe wave equations 
you need, look Like? Well, it Includes terms Jor the kinetic and |>oteritial enet^u' of 
the proton and the electron. Here’s the term lor ihe proton's kinetic energy; 



where , -h -i- ^-5- . Here, jTj, in the prutoii'b r pobLti(jii,y^ Li the 

proton's v position, and i,. Is ils ; position. 

The Schrddinger equation also includes a term For the electron’s krnetlc energy; 

w h ere V / = - 1 - . Here. .ir,. Is t h e elec tron's .v posit Ion, is the 

electron's y position, and z, 13 Its z position. 


/rin T 
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Simptifying md SpUttinq the 
Schrvdinqer E^fmthn for Hqdroqen 

tilt uituaJ LiuantuiiL ilitLliELHicAl ScJlruiJini^tr tLiuatiOtl Jur tJit hydrui^tii 

Atom: 




TJit |jruLk]]i isi that ymj'rt tELkEiii| uitu actuunt tht distaiici: the jjrutui] is. 
frdia tJie etiilcr ol ItlAss i>f the atdJii. ltl[^ laatli LS iitE^SSy. If ytu wtre to 
As&uitit tUm the proton is stationary and that r^, = 0, this etjunlion would 
breakdown to the following which is much easier to solve: 

Unforlunalely, tital equation isn'L exact because il ij^norcs the [OOvement oE 
the proton, so you see the more-eontplete version oE the equation \i'\ quantujn 
medianics texts. 

To simplify the usual SchtadinjEei- equation, you switch to eenter-of-mass coor¬ 
dinates. The center of mass of the protoiu'electron system is at this Location; 


And the vector between the electron and proton Is 




tJsin]^ verlni^ Riiad r- inR.tsajrl of and r-^. malie.'i Ihft Sc;hrodiniJfir p>qijatirni 

easier to so'h'e. The Laplacian tor R Is V/ = . Ajid the Laplaclan 

for e K ^, ’ ■ - . 

^^fx‘ iz' 


How can yoti relate and to the usual equation’s and After 
the algebra settles, you j;el 


J_v i + _Lv ^ 

rrp. ^ nr, ■’ 
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W^IJ, \v 4±LL. wnll. '['tLiK. t±[|Li;3ti[»ri ttricm tliiit cl^pEctcl on either nr^K) [»f 
ttut not botJi. 'J'hdt iiiodCLb. yoLi -can ‘^cjiarato tEti); eciLiatiocL into iiLO □[iiiatioctF^, 
Like tLibi (ivliiTO iLlc lutal iMieryy. E, erjuals Ej: 


Multi|)lyiiia = byifCKJBiresyMi 


And multiplying 




1 

^-V{r)-fT=E, tiy Hr(r)ukei you 




Now you have two Schrodingpr equation!. The nevt two seel Ions show you 
how to solve them Independently. 


Soti/in^ for v|; (H) 


l„ aV{R)= how do you solve for 4r(R.). whicli i! the wave 

Function ol the center of mgss oE the electron.fprntrin system?' This is a 
s traigJitEoriiVariJ iJifEcrculial equation, Euld the solulioi] is 

H^CR) = C(? " 

2MP 

Elere,C is acofislafiland^ is the wavevector, v/here |fc|« * .You can 
FlndC hy insisting that 4t(R^ he normalized, which means that 

i = ]^[R)^"[E)rf’!R 


This equation teiL; you that t.! =- j . rherefcire, 

V'(K) = ;^ 





Chapters: Understandtiig H^rdregen Atoms^ 



In [jracricp, f-u is ^n^rngll TlLat people almost nlwgys jauf ijinnne — thar 15, 
they assume It to he I. In other woriris, the real artion Ls in not in iitfR) 
Ls the wave hitirlioo Eor the center of mass nl the tiyclroiipn atom, and ijjI'j'J is the 
wave Inttrrion lor a ^EiictitioLisJ particle nt mass fTJ. 


Sotf/in^ for \|/ (r) 

The Schrodinger equation (or 41(3") I3 the wave function Fora made-up particle of 
mass n? (in practice, m anti Ls pretty close In so The eneri^'. Ls 
prelty close to the electron's enet^'). Here s Ihe Schrndini*er cquatLan for (ytr): 


Vno can break the soJntit»n, into a radial jiarT anti atk atk^jJar part ^see 
CJiaptcr 9i}: 

The angular part of v(c) Is made up O'f spherical harmonics, Yf„.(£J, ■fi), so that 
part’s okay. Now you have to solve For the radial part, KJ/)- Here's what Ihe 
Schrodlnger equation becomes lor the radial part; 


2^7? Ll^ 


rF'S-l'tl+'t' + O 


-JL-f R R )=,F r R^[r) 

^fttJ-' f r -W -r -t y 


where r = I rl, To solve this equation, you take a look at two cases — where 
ris very small and where r la very large. Putllnj^ them together gives you the 
roURh lorm oE the solution. 


Soloing t^e radial SchrMin^er equation 
(or small r 


For small r, the radial ^ave [unction must vanish, and you have 


And multiplying by 2m/ij^ you gel 
-d^ 


dr 
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The solution to this H^uallon is |>ropoi-tlonal lo 
~ a/ • 

Note, however, that R.irTi^ must vankgh as sloes lo Jero — htit the leifni 
i^oes to InEirilty. Anti ihat means th?t B mosl he Jsro.SOI'ou have rhissolution 
For siitall r 


- ri 


Tlut lakes care of sjnall r. The next seclioo takes a look al very larye r 


SoMn^ the raditt! Schreditt^er equation 
for tar^e r 

J - 1 

E-'or very larffft r. heeomes 


Because the elerlron is in a honricl state in the hyclrotfen atom, E ^ (1; thiLq, 
the solution to llte f^recedin^ ettnation is proportional to 


R./r) ^ 


where A = 


{- 2 mF.y- 


Note that R,^^rJ - + We’* [iiverjjes as r ijoes In iiiliiiily ijecause ol Itie Ee^^ 

term, SO B must be equal lo ^ero. Tltal means lhal \,ir) - In ihe next sec¬ 
tion, you put the solutions tor small rand largie r toj^eiher. 


you ^ot the pooler: Putting together 
the sotutiou for the raMat e^mtiort 

ButTmi; Toi^ettier the solutions lor small rand larjje r {see the precediny sec¬ 
tions), the tk:ttr6[linyer equatinn yives you a soJutioii to the ractiat SchrncLinj'er 
eriuallDn nf = j f{j^e , where t{r) is some as-yel-unctelermlneci functinn 


CoDVrighted material 
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This equation givea tho recurrence relation ot the Infinite series, 


^ A[A + f+ 

M l . \ rl / 


= 0. That Is, LF you have 


i>ne coelf icleciL. you can };el tlie iical one using this eguatioa. does thal 
buy you? Well, take a look at the ratio oi 




nrp. 


t{JV-i-2f + ]) 


Here's VF'liat LhLs ratio ai^proaches as k goes to «: 


Ikm- 


2 A 


'a. 


Tills resembles the eNpaasloji lore'j \v]iicb is 


{ 2 .]‘ 


As (Or the ratio o( successive terms is 


And in the limit A the expansion tor a'approaches 


« { 24 ' t 


ii —i M 


That's the rase Inr Kor E()), ynu have 


liui- 


■ iS 


>1 



Comparing these t\vf] equations. It's apparent that 
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For ihks series to teirinlnate, [T-s,,. 0^.3, and so on must all be zero. The 
reourrence relation £01 the coefficients Is 

For tr-s,] to be zero, tbe (actor multiplying? fla., must be zero for fr - N 1 1, 
in^hlch moang that 

SubsHtotinE in * = N ^ I j? ivies you 2hI [ N + ^ +1) - = 0 . .^nd d IvidiuR by 

2 j'Lvts you A( N + f + ]) ^ 0. Mjkju^ tlio Eubs-litutiori .N + / ■^ 1 -*n. wlioro 

n is called thepnfnc^rrf tsmatitni gives yon 

n=l2,3 ,. 

This is the cinantlzation condition that must be met if the series for f^-) Is to 
be finite, which ir most be, pKysicatty: 


^ (-2r7?F ’ 1 

Because z. =--, rhe ecpiatlon 0,1^ =0 puts constraints 

on the allowable values of ihe enerjjv'. 
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Getting the farm of the radmt sahttian 
of the Schroetinger eguatian 

Ir tltiR. sec^tinn. you corn|]lt±t£ tliti calcuJutioct dF tl]4> EnitijtiouF^. (id lo tlt^ 
caJculitiui] oE H„|^r){iiuc rlic carILor sctEioii titled “Voii ifot tlit powtr: FuttiriiJ 
Eu^ettter the solulioi] lur the radidl et|uatio[t"}. far, yuu kiiuiv tFiat 

R^[F‘)=r'E[^‘)e where j(K) = ^ci/VTFiereioTe, 

> -I 


In lael, tttiii isn't quite euuu^Fi; ttte [jireeetLiii^ equatiou euiues Ffoiil solvini^ 
the radial Sehrudiiij^er equaliui]: 


R.(-) I '('+1)2^' R.l/i-y-- fl.(0 


T]ie soJutian is owiy [rood in a iiiullLpiLitative coitstant, so you add such a eon- 
stant, (wtiich luru£ ouL to deL>end oa t]ie iiritieipal quantujn uutober rr aud 
tTie angular mo[nentuin<iuanlLim number J>. this: 


You Eind by normally Iny 

Now try to 5olv?ror R^Xr>tiy Just FlaHjot dolnj^ the math, For example, rry to 
find R)i;iCr). In this ease, n = ] and f = 0 . Then, hecause N + ^ t l = n, you have 
N = jT-^-l.StiN = rt here. That makes Ruftr) look like this: 

RjF) = Aye 

* -I 


And the SLimmarlnn in this eqnation is eqnal to 



04, so 


And because i = Et. r-' = l, so RjcCr) = Ai.e’^ttii, where 
you can also write Rigfr) • An^'^ai. as 



. TtiereEore, 


Ft|*[r)s A„^[) 


,=L 

rtF, 


u c: py rip htect n 1 rAten al 
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wKEre Kt liolir rA(3iL]R.. 'E'[» find Ajq ^ictcl ^t,,.. you normAlizE 4f|[c(<. a) to 
I. wlticK njcdCLii i]]t(;j'Fati[t^ Sn I'cf l avijr 3.LI aitd ^otrlny tht; 

riJsuJt to ]. 

Now dV - r sln^E d^i/9 (iti, and Inte^sFating itie spherical hartnonks, such as 

\Vj, u^'tr a coiaplctc sphere, J j^Lveii you 1. Tticrefore, yuu're 

Lett wirtt the radizrt pzirt to nDrinalize: 


. . 2 
kl ^ 


l=ff' R 

t 

PluiJiiiiisr R„(r) = A„.csp 


into ]-j^tfr [lives you 


t \ j 


You caa solve this kind ol iatoi^aL vviih tJie followiair relation; 

J jr'^exp^ ax )clx s 


T —'J 

With til is relation, t he equation l ■ A J r 'exp 

0 k 

l = A \ r 'expf fir = /\. V.’ ^ 

J V nr, A 


dr becomes 


Tliereiore, 



A 





A„tr„ 



1'hi^ is a fairlv siiaple result. Hecaose A|g is rtier« to normalize the re.'tult. 

jrt 

you can set Alt, lo I (this vvoutdii't bethe caseiJ = l involved 

multiple rerms]. Therefore, o„ =? . That's tine, and Lt makes KjgCi), which is 

J- * 

-r 





R«(0 = 
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Yau blow tKar 6 . Y^(a. nj. 

Aj]tJ so 4 r 4 iKj(r, S, (t*) b4:c;o]iic;s 


W3](fw. In iJECisral, here-'s wKar tlit wavs Eiiiistioci 0, (pj Innks likF Enr 

EiydroLitMi: 





wEierelnM-i^^V^il^'fNi) ^ d stenerall^ed l-aRiierr? polynomial. Her? are tho firat 
Few ]a^LOl^^o poEynomtala: 


CCrj = ] 




L|*(.r) = _r + i ♦ I 
L/{r)=^-[t>+2]r + 


2 





|6+:i)r* {^?+:d][/n-2}r (fr+l)(^? + yj[/n-2} 
' 2 ■"■ 2 6 " 


Same hi^drogen WaOe functions 

So whal i\o Uie hydrojr^n wave luncEions took Like? In tke f^recedinjF seelioji, 
you [iiid that ViQn(r, 0,4^) Looka like this; 


HFre are some olhFr hyrtrojiFn wave fi met ions; 


L- c:i, rii.jhtec! it F:-jl£?riril 








Note that fl. hfihavea like t ' ff>r small p aatl thereffire ^oes ro zero. 

And lor Jari^e j;, rieoavs ex[)oaFnrial^ In zero, iin ynii've soh'cri the 

proliJem you liatl earlier tif tlie wave Eotictiott rllveriJ^EijI as r becomes lari^e — 
dtt(l all bccatist: uF tlie quantization coiiditiun, wIticJi cut tKc cxjircssiotL fur 
[(r) Ironi an eaponenl to a polynomial ol limiled order. Nol bad. 


You can see the radial wave function Rni(r) In Fljiure 9-2. R^i(r) appears in 
Figure 9-2. And you can see RviCr) In FItnjre 9-A. 


Fidiin 3-j; 

Tiio redial 
wave 
functiort 
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Catcuttatinq the Etterq^ begenerac^ 
of the Hifdro^en Atom 

Fjich quanuim jtaEe of th? hycJroiten arom is a pec If led with three qtianttim 
ntLmhor$:n (The principal ottanrttm npmti^r), f (The momenttiro 

[ILianrtim mimher of The elecTron^, acid m (rhe z component pE the electron's 


I i' 

I j 
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Quantum states: Adding a (itt(e spin 

You may be aaking youraell — what about the spin of the electron? Right you 
ate! The s p In of t he elec tron does p rov ide additional quan tu m states, ti p to 
now in this section, you've- been treating the wave Function ol the hydrogen 
AtDm 3 ]]rD[LLirt -af lAcliF^J and pnrts: 




Now yOu iiaii add a spill part, LOrraspOndiiig tO tliO spin oE thi: i^luCtr-Lai, 
whL;re s is tliL; Spin ol the eJeotroo actd sti^ is the ± oompocieitt of the spin: 


TJii: spill pari ul rtic equation can taki: tliu loLluwin^ values: 

11^ I % 'A:- 
k' I7., “V*^ 


Hence, t)»„i„(r, u, it>) now becomes 4>); 

(r ,t>,i) = [ r) V*, ((J.O }|s, 


And this wave luiiction can take two ditterenl forms, depending on rri^^ 
Like this; 




|ji lad. you can uae Lhe spin notation {^which you use in CltapterS), where 


h)-I 3 

I _ l\ 

2 ' 2 !' 


L- r: py rig hteii IT riiisri al 
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For exampk, for I '/s, yon can write the wave function as 







1 

D 


0 


AjjtJ lor 1 7^1 ~7*^> you caj] write tke wavt fujiciioii sa 

u 


Whal does this do to tlie onerjjy dej^efieracy? ]l vou include ihe spin of the 
electron, there are two spin stales for every state In. i, n?>, sothe detjteneracy 
tjecomes 


neRenfiracy = = 'in^ 

Wi 


So If you Inc hide the electron's spin, the enerRy deseneracy of the hydrogen 
atom is 2 fr. 

In lanr. yon can. oven add the spin ul rhe pmton tu rtie wave FtinerLon 
{alrhoLii^ people don't LLqnaIfy do that. I^eoause The proton's spin iolernots 
only weakly with ma^ietic lieLds applied to ihe ]Tydroj;en atotn). fo tJut case, 
you have a wave funclLon that Looks like the foLlowitig: 

=K{^ )| s^, m, ) 


where s,. Ls Ihe spin ol the elerirun, Li Ihe a'oomponent ot the elertrnn's sjiio, 
Li the sph] of the proton, and Li the z romjionent ol tlie proton's spin. 
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If you lrclu<Je th^ |>rolon's &piu, the wave function tan now take four different 
forma, depending on like thia: 

^ =R )| Ii)|i 4 ) 

^ ^ ^ {r .^>^^) = R - [|^.-|J 

TJie de^enerticy muai now incluiJe itie protou^a spin, so that's a laclor of four 
for each I rr, i. sn^i 

Cregeneracy ^ 4( 2^ + I) 

n: An^ 


On the tines: Getting the arhitats 

When you study heated hydrogen Ln spectroscopy, you get a spectrum con¬ 
sisting of various lines, named the s (for stiorff), p (for pnttcipaf), d (for dif¬ 
fuse), and /(for/"d/ri^^Ltrnerr/oO lines. And other, unnamed lines are present as 
well -= theg. h, and so on. 

The p, d, f, and the re&l el the tines tnm onr to correspond ro different 
anfilijJar mujnentnin states ol rhe eJecIroa, CAlted fjrhituis. Ttie s stale -corre- 
s pon rts To f = C); the p state, to f = I; the d state, rn f = 2; the / srare, to / = S; and 
so on. Each oE these angular momeatuin smres tia^ a tliFEerenrly .■itiajietl elec¬ 
tron cloud aroLiutl tho prorun — tliat is, a dillerent orhital. 

Tliree quantum n urn hers — rr, i. and rn = determine orbitals. For esanipLe, 
t he elec Iron c loud lor the 11, 0,0 stale ( ] wit h tJt - 0) appears in Figure 9-S. 
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Ftflurt j’5: 
Thf |i,p,i)> 
state. 



TJlt 14, 3, 2^ Stalt (44 wLtl'i m = 2J iti Fiijuni 9-C. 


Ffgure 9^: 
Tha 

Etnts. 



'ij| /righ-Gd r -I 
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Aj]c 1 litraustt i()n,^.trr 0,(1)) = ■□}, tKis (M^iLalLoE litroiiiFS tfiR 

luLlowiii^: 

sinfldiaJddrW 

* « 

'J hti prn!C[’(li[t^ ^qu^lici]] Ifi c[|L]F 3J to 

j* ^ y 

|r ^ ( r) I'r =£*■ [| (fl. (^)l" sin e J dVi 

a 4 

[R ^ )|V '-dr] {[}.i) sin 0 do]d<f> 

!• J 

Spherical harmonica are normallied, so this just becomes 
|R,„rr>lVcfr 

Okay. Ihat-s The probability thaT the electron Is inside the spherical shell 
From rtu r* lir. So tJie irKpeotatLo]] value of r whicli is ^r>. is 

I 

which Is 

('■i'i'is.tof'-’* 

I 


This is where thioijs !3eT more compJex, because c) involves iFie l^igtierre 
fioLyiioiitiaJs. Qui after a tut of math, liere's whal you jjct: 

= = 


h S' . I 

wkert ca is the Bolir radius: r. = —j-. The Bollr radius Ls about 5.2^ x ItF 

me 

meters. 30 the expectation value oF the electron’s distance From the proton Is 
c r^ = I Mn- - t ] >](5.05 X I ft ^) meters 


Hidden page 



Chapter 10 


Handling Many Identical Particles 


h Jhi$ Qh&pv&r 

^ Looking rLinctions jnd I biniltonUiiis in ninjiy-L>Jriich syslems 

^ Wnf king with IdfinticAl anrl di!itini'LLi^hattL« iiArtl-nEnF^ 

► Id^ntiFyin^; crfmllnij symm?tri^ gn(l sntksymmerfLn W(ive Enncli-tjns 
^ E^iplaining electron shells aii4 the periodic tnble 


#^ydroi;en atoms (see Chapler 9) involve only a proton and an eleclron, 
W I but all other atoms Involve more electrons lhan that So how do you 
deal with miiUlple-electron atoms? For that matter, how do you deal with 
mnlti-partlcle systems, such as even a simple jjas? 

In general, ymi rirn > rfnat wild iiroblems likn Eha; —ejtactly, anyway. Emagine 
the complexity ol just Two etectmii^ mLiving in a hnliLiEn atam —you'd Imve 
tu raEoe into aocDLUit rtic mteractiui] oE the electrons nor uiiJy wirtt the nuetcus 
nl tlie atuj]i bur also with each other — and tJiat depends on tJielr reJative 
pusLtJoiis. £u nut uiiLy does Ike Hajiiillonian have a term in ior tJie poten¬ 
tial energy of the first electron and for the second electron, but It also has 

a term In for *he potential eneryy that comes from the Interaction of 

the two electrons. And that makes an eyact wave function Just about Impos¬ 
sible to Find. 

Hnwovor, even wiTltonr liiidiiig enact wave Ennetiuns, you can still do a sur¬ 
prising ainouni with muJti-|iartieJe sys teens, slleI] as deriving the FmiW exciu- 
^/orr — which says, acnojig otJier things, that no two electruiis can 

he in the eyact same ^uantujii state. In fact, you'll probably be surprised at 
bow jiiuch you can actually say about imilti-particle systems using quantujn 
mechanics. This chapter starts with an Introduction to mary-particle systems 
and goes on te discuss identical parllctes, symmetry (and antl-symnretT>'), 
and electron shells. 
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Many-Pttrtic(e Systems, 

Generatly Speakiny 

VuLi can a [niilti-partkic Sy^ti:Etl Jii R^tl ILf-1, wpLi:n: ^ ]1ijn]bi:F |>Ar- 
l\c\ii art idtjUititd by tJitEr (ii^Ort fipiil lor Iht iflOftitnl). Tiiii atc- 

tion how lodoacribo tJmt systtm in qucmtuio physics lemis. 


FlaureiD-i: 

j^rmulti- 

parti^le 

system. 


PerJicSe f 



Considering 0ai/e ^nctions 
and //amrYt 0 /iMf}$ 

R?}(ln by workin]^ wifh the wave Function. TFie State oJ a aysfem with many par- 
tides, as shown in Fifjtire 1C)-1, Is Riven by i-.., e,,Anri here’s rFie proha- 
hlliiy that particle I is in 1 * 1 , particle is in cl>:;. patticle ^ is in if' i*;,, and s-n on: 

|yyfr,.rj,r„...)fdV.rfV^Vj... 

Tlie nortiiall^alioo o( w(r|K r^, r-,,demands that 


C c py rig hted m ateri al 
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Figjrw 111 - 2 ; 
A multi- 
dec Iran 
alnm. 


BieeVun f 



If yoLi hiivfi Z slec;rrQns, Ths wave; Eiinctiom Innks Jik* /*;./'/. RJ. Aj^fl Ths 

kiciEtic; Fneri^ nl ^Jei;lron.;^ Anti thf^ jiucEfl];^ L«]kA like thia: 

KE = r;,r,,.. .r^.. R ), Vl ,.. .r,. /:) 


‘2m 


Ai]c1 tli^ ]]at^3]tiaJ nii^i^ al rttc; Fiyst^m l[»[»lu LLJtF tKLs: 

PE ")+1 iT^^f ■ *) 

1-1 K “ " I'j K' “ 


So adcllny the twty pcecetJlnp equations, here's wtiat you ^et for rhe total 
etteryy (b = Kb! + h'E) of a mtilti-iiarlkle arnm: 

E .. r,, ft) = ^ ^V, V(r, . r-j^... Ff * ft) -^ , Vf J-, r/h^) 


-1 "T^ 'f'i ■ ■ ri’ ^)' Xt-^ 'y{f ,. r„... r,, ft) 


f, -R 


K - r. 


Okay, nouf that looks like a proper mesa. Want to win the Nobel prUe In phys^ 
lea? Just come op with the general solotlon to the preceding equation. As ta 
always the case when you have a moltl-parilcLe ayslem In which the particles 
Interact with each other, yoti can't split this equation Into a ayslem of N intfe- 
puiident cquatiuiis. 
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Ir ca5ft5 where the N particles of it miilli-particle simtem rilnrrV interiict wi|h 
earh other, where you ear ciiseonoeet the ^hrodinger eciiHlion into a set oE 
K inde[ien.[lent etiLiarions, soliilions may he possible. Ejutwher the parfieles 
Lnteraet anrL tlie Schrotlinj^er equatiott depends on. titose LnteraetLoris, you 
can't soEvo tEiar oi[LLiitiuii Fur atiy sLi^rtiJicdtit itLiitthcr uE partLcIcs. 

Flow ever, that doesn't mean all is loslby atty means. 'Vou can still say plenty 
about equations like this one it you’re clever — and It all starts with an esam- 
I nation ot the symmetry ot the situation, which I discuss next. 

A Sitper^Pot^erful loot: 

Interchange Sgmmetrg 

ILven tliuu^i liiidiii^ ^cncraL suluttuiis lur equatiuiis like the one lor the total 
cttCriiy ol a i[LuLti-particLe atuni (in tlu: preceding secliu]]) is ini possible, you 
can still see what happens when you eychanj;e particles with each other — 
and the restills are very revealing. This section covers the idea oF Interchanj^e 
symmetry. 

Order matters: SWappiaq particles 
ufith the exchange operator 

Vou Cart tloLorjiiirtc what tiapporLS Ed I hi: wave iuncllo]] wheu you swap two 
parEicles. Whether the wave Fuaetiun is syjiuneErlc under soch uperaiLojis 
gives you lusl^Tht into wlieEher two particles eart occupy the same quajUum 
state. This section discusses swapping parlicles ajid looking at symmetric 
and antisymmetric (unctions. 

Take a look at the general wave hmetIon EorN particles: 

r. >>. 

SVoIe; In this chapter, J talk about syjiintetry iu teriiis oE EJie lucatLun cuur- 
dlnate, r. Eo keep Eh bigs simple, hut you can also consider other Cjuanllties, 
Such as spin, velocityi, and so on. That wouldn’t make lliis discussion any 
dlFFerent, because yon can wrap all of a particle’s quantum measuremenls — 
location, velocity, speed, and so on — into a single quantum state, which you 
can call Doing so would make the general wave function tor N particles into 
this; ...,.... 's). Fnt as E said, this section Just considers itie 

wave function uCr-j, c-, r„ ..., ty^) ro keep things simple. 


eriRl 
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Now ln(ia^;ln^ that youTiavean exchange operator, that exchargea ^>a^ 
tides j'and / In other words, 

^4^K'''ii '"p ’■'■ V ■■■' ■“ ^ '■“! •'i* ■'"! 

And = Fj.p so 

.-■ 'V) = f".!- - - . 

= Pji'V(.f‘\. r:, ..., .... .... 

Also, jioLe that applying the exchans^e operator twice just puls the two 
exctuingeij particles back where they were originally, so - 1. Elere's what 
that looks like; 


F^-ip^Cj, r,, ,a,, j^,,,,, e.,^.,,, ,,,, j',, ...p, r.,"^ 


However, in general. aniJ Pi^, (where y # ^rrj> tie iiOl eOcnniute. TJial is, 

Pis F^.vii ^ Pfiv f^.y (y ^ ^'tO- Therefore. [P^ ^ (r/ * Sfft). For esanipLe, say you 

have four particles wliose wave function is 

^4 


Apply the exchange operators Ff^ ajid Fh to see whether Fi^ P,, epuats 
F,^ Fbj. Mere's Fn T(j(r|. r^. ri, r^: 


And liere's witat F|jPh r-. ^i) looks tike: 


P„P„(y(r-,.r„r„r;) = ^e'^ 


Okay. Now take a look at Pi^; Fi^ o(f-|, rr. ri, ri). I fere's Pjj '(r(ri, r^, r-i, rj: 

Pi,yr(r,.rt,r,rr-4)=-^t-'' 


And here's what P[j Pa vf^i, r-,. ri, r^) looks like: 




rjr, 




riqn'K 
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fvi you ciui see tjy r^mpgrinji Anri This last eniwtiQci. 

■'i 

f’la ’“■i- •‘i) * ^^n ^'n Vt-f"!. *'j’ •':iT^i)-1" othFF words, the o-rrier in 

whLoli yni] B]]|]ly Esctiaiislie opFratars mnSten. 

Ctassififitiq symmetric m2 mtisgmnietric 
ufatfe functions 

■ ] faee the precedingsectioiX so hole thal II a wav^ function 1i an 
elgenftmclloii of F,^. then the po^^lble eigenvectors are \ and-l. That Is, 

For ((ftr,, t*:;, ..., r, „„ .... an RiElcnFLinnlL-cni ol F„ l-ooks like 

*‘1 .-■ ‘^F -■■ -■ 

ur -T|j(r|. t^j, ..., r, .... .... 

TJut jitcgns there are two kiads of eLyenlunetJoiiE of tlie e^tchaoye operELtor: 

I t^ Sjfitimetrtc elgenrunctloiis: P^tTJ,(r|, r. ..... r,. .... rO • 

VXr"!. '■& -. '■f ■■-. '> r^} 

v' jVnhitj'minelrIc elgenhinelloTu: r.. „., ■ 

-■ 4 '. 1 <^|. ■■». ■-. 

Now takt: a Look at suiite symmetric atitl some atitisyitimetric ci^erLfurLctions. 
Huw Eihuut tlii^ uiie — is it sytn metric or atilisyiEittietric? 

it'iti'L. r -) = Oi - r^y 

You can apply the exchange operator F]^: 

Note that hecaose (r, - j-.I" = {r^ - r]>\ i|JiCrj, r.} is a symmetric wave function; 
that's because F,; vj^r'i,'":■)= ''^}- 

How ahout this wave luiietJOii? 



Again, apply the eirchange operator, Pni 
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F/ + r“ 




r* + r/ r* + r> 


Ok^lv^ bul becau-S^ , 'i‘ ^ kno^ that Pu V](ruj r^) ■ 4rj(f|, T;), 

[ “ ■''l) (" ""t J 

3 a V!;(rn tm) is sym metric. 


Heres another ane: 






Nckw apply P|^: 






How does that et^uallon compare la the orljjlnal one7 Woll, 

5(ri r,) 5(^1- r,l 

[ j- - r' )* "* (F - r )* ■ P IS ^ '^-^i ■ Thtr^fore, 4ij(r,, r.> la 

antlsynn metric. 


What aboTit Ihla one? 




To find ant. apply P;^: 

) = -^+V+^^ 


AIJ ri^ht — thia compare with the arii^nal eciuation'^ 


FF, ± 1 r/, ± I 

—— - 1 - r + r *=- — -— r +r 

j T Fj T I j ^: ■ ■^2 ^■'i 






Okay — '^iCe, Fj) a? symmetrLe. 


You may til ink lia^e ihia process dawn pretty well, but what about thi£ n^xt 
wave function? 


C c py rig hted m ateri al 
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Sr^rt by appl>'iii^ ^'ij: 


lSo hnw da rhsse twn equatinriFi rnmpare'? 


r.r. 




• + r/-i'. 


rf, 




T-i-f, - r. 


TTiat (s, i|Jr.fr„ rj ks neItTier symmetric nor antisymmetric. In other words, 
4f.(j-i, r^ii not an eIjjenfunction of theP|j ejichanj^je operator. 

Ffatiting Cars: Tacktm^ Sffstems of 
Manif distitt^uisfiaiffe Particles 

All rlyht, If you've been reading this chapter from Ifie start, you pretty much have 
the Idea of swapping particles down, ^ow you look at systems o£ particles that you 
can dlstlnju^ilsh ~ that Is, systems of identlfrably dllferent particles. As you see In 
this section, you can decouple such systems Into linearly independent equations. 

Suppose you have a system of many differenE types of cars tloatiofi arotmd in 
space. You can JisliiiijuLiilL aLL those oars because they're all dillerejit — they 
ttave iJiEEerenl JiiEUises, for one thing. 

Now say timt each ear intertiet^ with its owii poteutia] — that is, the potejUial 
that any one car sees doesn’t depend on any other car. TJiat means that the 
potential lor all cars is just the sum of the individual potentials each car sees, 
which loolts like this, assuming you have N cars; 

^^ = V{r„r, .r„}=ivff,) 


Being able lo cot Itie potential energy up into a sum of independent lerms 
like this makes life a lot easier. Here's what the Hamlltoniar looks like: 
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Figjne 1A-3; 
An eleclran 
rollding 
wl^l an^lhcr 
cl(;cV(!n. 



# 


Bi]T now look-at the scenario in t'lEJijre IfM — rtie eieotroris coLiLd've hoiinoeii 
like thar, nor Jibe the hounre shown, in HeJutf ltl-3. And yoLi‘d never know it. 


Figjr* 10-4; 
An electran 
COlldiiig 

iMlh snolher 
elecinon. 



So wklcli clt;c:trun is wKLeIi? J'roiit iJie exi^eritncnrcr's [»uLiit oE viorx', you OEUi't 
tell. You can jjLaoe dulootors lo oalcli EEll; ukctrojis, bnl yon oaiiY deterntinr; 
wlUoli of tlie iiiConiJii^ electrons ended UJJ in wKleli JctCetur, because ol I he 
two possible scenarios in Fisfurcs JEW ajid 10-4. 



Qiiantun mechanically, IdenElcal parllclci don’t retain their Incllvldnallty Jrr 
termi oE arty nneasnrahle, observable quantity. You lose the Intllvldnallty of 
Identical parilclea as soon as you nnlv them with similar particles. This Idea 
holds true for any N-p^jrticle system, As soon as you let N identical particles 
Interact, you can'r say which exact one is at j^i or r. or e, o-r and so on. 
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Symmetry and antisymmetry 

In practical terms, th^ loss of ln<llv]fliiallty amony Iclontloal particles means 
tTiat tlie probai>llltv denalty remains unchan^d when you e:fcttange particles. 
For example. If yoo w^re to e^chanpe electron 10,251 with electron 
yni]'[l Jitili tiAVR thf! j^AinE prnliabiLLty that an ^lertron would oc^riipy' 

*n(J fi* r^a3D: 

w^'liat itiLii idea LiHiJoi liko n]atlLL;iELatiEalJy (rand ^ aru itiu lucatiocL aciiJ 
bpLila dl itiu i^Eirt ic 

I iH(r|S|, riS-,r^S,. ..., .• I ^>Cr|S|, ..., ..., rS|, ■■., 1^ 

The preceding e{]tiallon means that 



■"! r^.- .... “ +'|f{''iSj, r^.., ..., rs^, „., rS„ 

tilt." wavu fujictioct oi a systE;]it oi N idccttical partLoluii must be citliE:r sym- 
[notrLo ur EmtisyiiMCLUlriE wJion yuu LricLliEmyi: tn u partLctus. ^piii turns uut tu 
bu tJie deciding factor: 

fW Anliflymint:trit: wnvc funettuni II the particles have ItaK-Odd-uUeyral 
spb^ C/i^ so on), then tills Js tiow Lhe w^ive (uncLion looks under 
exchange ot parlloles: 

SyiuiU'etrif wave fuDolfout IF the particles h^vg in|OR 7 al spin (fh. l.and 
SO on), this Is how I he wave hi notion looks nnder eJtchan.i^e oi particles- 

wO-iHh - ■, ''.Su r\. .-. 


tlavlny syiiametric or antisynunetrio wave lunctions leads lo some dillerent 
physical beliavidr, depending on wliether the wave fiinclio-ji is symaietrie or 
aniisyilflitietric. 



In particular, particles with LnteyraJ spin, such as photons or pi mesons, are 
called (icuoes. And particles with halF-odd-inEofjral spin, such as electron^, pro¬ 
tons, and neutrons, gro called ^fttj/otis. The behavior ol systems ol Fermions- is 
very diFFerent From the behavior oF systems oF bosons. 


Efcchan^e de^enemc^: The steady 
Hamikonim 


The HamlLtonJan, which you can represent like this 
H{r|S|, r.J-.r,S,. ..., 
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EiuT whar il rhe parti?Ifi ygu'r? snirtyint; is a composite pAitide:? What iE„ frrr 
FKflmple, yoLi have an. {lipim pnTiids, wfKLch Ls made up oJ Two prolnns and 
two neidrons? Is thar a lerminn nr a hosnn? 


In lacr. protons attiJ ncntroiis themselves areiitadeup ul rttree [[tiarks, and ]]i 
tnesuns arc made up ol two — Euid tjuartes have spilt '/■- 


Cojnposiles can be either Termions or bosons ~ it all depends on whellier 
the spin ol llie composite particle ends up belny half-odd-lntegral or JnlegraL 
If the com pos Ite parllel e’s sp In is 'A Va, and s o oRh t hen the com pos I te 
particle Is a fermion. If the composite panicle's spin is 0, 2, and so on, then 

the composite particle is a boson. 



Jn general, il the enmposire particle Is titade iip oF an odd mimber of lermions, 
then it's a FenniurL. Cdherwise, It's a liusott. So tor example, Pccaitse quarks 
are lertnioiis atid because iiucJcuiis such as protons and neutrons arc made 
Lip ol three quarks, itiuse tiucleons end up beliii^ jermLoiis. Bui because pi 
mesojis are made up oE two qiiarks, they end up being bosotis. The alpha 
particle, which consists of two protons and two neutrons, Is a boson. You can 
even consider whole atoms to be composite particles. For eKample, consider 
the hydrogen atom: That atom Is made up of a proton (a fermion) and an elec¬ 
tron (anottier fermion), so that’s two fermions. And that makes the hydrogen 
atom a tjoson. 


Symmetric md Antisi^mmetric 
U/at/e Functions 


Many of the wave ftmctlors that are solutions to physical setups like the 
square well aren’t inherently symmetric or antisymmetric; they’re simply 
asyipnisfyic in other words, they have no definite symmetry. So how do you 
end up with symmetric or antisymmetric wave flinctloris7 


The answer is th^t you have to create them yourself, and you do tbar by 
adding tugetJicr asytn metric wave lunetiuiis. Pur exaitiple, say itiat you have 
att asyilUiietric wuve luncticm of two particles, ^(^ 1 ^ 11 , 



To Create a syinnietric wave funclioji. add tottetJier T(j(r f,, r.S:>and the version 
wJiere the two particles are swapped, r|Sj). Assujning that rytj) 
and v(rjf!;. r-iSi) are normalLied, you can create a symmetric wave (unction 
nsln^ these two wave functions this way—Just by adding; the wave bmctlons; 

(r,s, . ® ly[ r, i, . r s, )+v[ r,s, )] 
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Arc! iht total energy ks \\jist tTi^ sun of the eneretes ol the individual panicles; 


e = £e 


Rut now look at the wave hinctlon for the system. Earlier in the chapter fsee 
"Floating Cars: Tackling Systems or Many rnstinguishabie Panicles”), you 
consider the wave function ol a system of N distlnj^nlshable particles and 
come up with the prodtict of all the Individual wave functions; 

f 'i--’ - •'h i=n (' r) 

Kl 


Howe(\'er, that eciiiatlnn doesn't u'ortt with identical panicles because yon can't 
iidy tliEif partJck 1 is in stEitc | (r p^rtick" S is in stEifc u«(rj), dnd uii — 
tJiCy'rC idcrttical particicfi JlCrC, ilOt dislLnuuistiabk panicles Hi Ldorc. 

T]ie Other reasoji this equation doesnT workliere is L]iat it has no inherent 
Symmetry- — and systems of M idetilical particles must have a dettnile sym¬ 
metry. So Lnstead of simply multiplying the wave functions, you have to be a 
littfe more carehil- 


Wat/e functions of tu?o-pnrticte systems 

How do ynLL create symmetric and antisymmetric wave Innctions fnr a two- 
particle sy.stom^ -Start with the aingle-parlLcle -wave timclions (see the earlier 
.section ^Building Synunetric and Antisymmetric Wave KimctLors”): 

V. *-:-S) = ^[ r(j'rS ■ )] 

^ S^. [ I. rA J r 53 ,/-j,Sj ) -{ r^i,, r^s, )] 


By analoSy, here's the symmetric wave function, this time mad? up of two 
sini'le-particle wave Innctions: 

V. } + 'f'-’. (''=^=) )] 
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And Ti^re'a tht anllsymmetric wave function, made up ol the two single-parti¬ 
cle wave functions: 


V, f r.s,. rjij ) ■ [ r.i'i) (m ) f1 ] 

Vi 


where J?, stands for alt the quantum oumhers oi the fth particle. 

Note In particular that fiwhen = rr.- In other words, the anti¬ 

symmetric wave function vanishes when the two particles have the s^ame set 
uJ qu^cLluni [tuiEihcrs — that Is. wttcn iticy'rc Lii the saiue quantiJi]] slalc. That 
idea has impOrtEuit [jhysiiidJ rainiliCatiuns. 

You can also write rij) like this, wJiere P is Lhe pemiutalion operator, 

which lakes the permotatioji oi its argument: 

V, (r,s. (''i) 

V 


And also note that you can write ^,:,(r|S|. ri^j) like this: 
V, (rs, ) = ;^E{- 1)' ■ ) 


where the term {-1^' Is I for even permutations (where you evchanpe both rjj, 
and and also /t| and «:■> and - I for odd permutations (where you ewchanfje 
CiS, and r.s^ hut not n, and rr^.; oryoi] exchange n^ and rr^ hut not j‘|S| and 


In lacr, people sometimes write 4r.{f|Sj, determinant Eorm like this: 


-,i\ 






Note tliat this detcrmJnanl Is ^ero If /q - lu. 


WaOe functions of three-or-more-particte 
systems 


Now you get to put tojjether the wave function ol a system oE three jiartlcles 
from singLo-partide wave Eimctions. 



Hidden page 



Chapter 10: Handling Identical Particles 251 



Thp Ffjisfi pnf?riplf^ that no two electrons can occupy the 

siiirie qi writum state insirie a single atom. Anri that result Ls iiriporlant Eor iKe 
stnjctune ol atoms. Jnsteari oE just piling on ivilly-niJIy, electrons Emve to fill 
tlLianlum stales rtiar aren'E alreatly taken. I'he same isn't Erue lor hosons — Eor 
example, Lf yuoi liavc a Etcap ol alpha parEieJes (LosurLs). lEicy caji all be iu ttic 
saitic quarLtuin sEate. KoE so lur lertnioiis. 


There are various ciuaiilum numbers that electrons can take in an atom ~ rt 
(the enerjjy), ^{the angtilar momentum), ni (the j component of the angular 
momentum), and m, (the z component of spin). And using that Information, 
you can construct itie eleclron structure of atoms. 


fi^urinq out tfie Periodic Tubie 

One of ifie biggest successes o( the SchrSdiiiger equation, together with the 
Pauli exclusion principle (see the preceding section), is explaining the elec¬ 
tron structure of atoms. 

The electrons in an atom Eiave a shell structure, and they Fill lEiai structure 
based on the Patili exclusion principle, whtch maintains that no two electrons 
can Etavc the same state: 

The major shells arc sped]led by itic principal quaulacn iiuiilLlt, n, cur- 
rcspOiidiiig to the distance uf the elcCtruu Erujii the ilaclcus. 

Shells, in turn, have subsheLls based on the orbital ajigutar momentum 
quanlLim number, I 

In turn, each subshell has subshells — called orbfrufj — which are based 
on Ibe z component oE the angular momentum, ^tt. 

flo each shell n has n - 1 snbshells, corresponding to 1 - 0, I, 'i, „„ n - 1 , And In 
turn, each stibshell has 2 /1 1 orbitals, corresponding to = -1 , -f :r |. 

Much as ^'ith I III ftyiirOgen atuni, tJie various subshells (I = U, 1, 2, 3, 4, Euid 
SO On) are called the s. p. d. f. ft, and so on states. So, Eor example, for a 
given fi. an s state has ojie orbilal im = 0), a ^ state has three orbitals {rn = -1, 
0, an d L). a 1 ^ s Late has five orb ita Is (rn = -2. -1.0. I. an d 2). an d so on. 

In addition, due to the z component oE the spin, (Ttp each orbital can contain 
two electrons — one with spin up, and one with spin down, 
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Part V: Group Dynamics; Introducing Mulliplo Partidos 


Perlurbatkor theory Lets you tiandlesituations hke this —as Long as ihe pertur’ 
iMtlon isn’t too strong. Tn other wottls, if you applya weaJt magnetic field to your 
knoi^'tt system, the ener©' levels will t>e nnostiy iinchangetl hut with a correct 
tion. (Ntriv: That’s Ji’a called ^hewy'and not 

Sfimry.) The chanfievoij make to the setup is sUghl enot^h so that you can cal¬ 
culate the restilrlngenerciy levels and wave functions as ooi^rt/onj to the f^mda- 
[OLMitdl energy levels ajid wave luuelionii ed lJie unpcrturiied i^ysteiiL. 

So whai doc^ it [Tieaii lo talk ol portorttation^ in phy^Les tcna^? Say iKat yOu 
have thi£ Hamiltonian! 

]1 = EI^ + >IW 

Here. JH,, i£ a tulOwii HailiilloniarL, wilh kjtOwil OigeEifuEiCtiOhs. amJ eigenvalues, 
ac^d is the so-called perturbation Hajiiillojiiait, where \ ic^dicates that 
the perturbatioji HaEhillOEtian Ls small. 

Finding Ifie eigenstates ol ttie llamiltonlan in this equation is what solving 
problems like this Is all about In other words, here's the probtem you want 
to solve: 

H|v^,)=[H,-rAW)|vyJ=E,|v-,) (A<.]) 

The way you solve this equation depends o-n whether the esacl, known solu¬ 
tions of K,| are (that is, several states have the same ener^tyl or 

nondesenerate. The ne;rt section solves the nondeitenerate case. 

Working nfith Perturbations to 
Nondegenerate Hamittonians 

Start with the case In which the unperturbed llanditonian. If^, Uai fiO/fd^^getr 
ertne solutions. That Is, for every state !+.>■, there’s e;iactly one energy, E^. 
that isn’t the same as the energy for any other state; (Just a* a 

one-to-one function has only one x value for any y). You refer to these nonde¬ 
generate energy levels of the unperturbed HamlllonLan as E'"'„ to distinguish 
them from the corrections that the perturbation introduces, so the equation 
becomes 

Fmni liflrF on. t reler to ItiF piitfrgy Itivtfls of thF pFrturhFti systsm as 

TJie idea bchiiid perturbation tficory is tttat you eeui perforjii cxpaEtsiurLSi 
trased oi] I fie paraiiictcr (wIlLcIi Is much. ielucI] less tJian IJ tu (ind tke wave 
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lSo your Task is to cialnilarn and as wnll as nT aitd So liow do 
you [lo that in i|(.M]oral? I'Iielc Io sTart sLuiijirLif somi: math. Yuu start with tlin^c 
[tcrturL>L;iJ liquations: 

I t^ HAlnEI lonldli: H | J a (H ^ 4 AW J| ^ ^J = J 

Rntrgy l«v«]iK = E4 A' +... (A 1J 
Wave hmctiona; jvf„)=|^„) + a|J + A*j(ff^’^.y+... ^A<t:l) 

Combine these three equations te gel this Jli mho equation; 

[H, + AW}i|^,)4A|v/I^J,)+A^|vrl^,) + „,) 

= (E^ + AE^ + A^E'^„+...)(|^.)4A|i^^}+A^|^,r™) + ...) 

Matching the coefficiettts 
of X md simptif^m^ 

You can handle the jLimbo equation in the preceding seclLojt hy setting the 
eoetflclenls ol A on either side of the equal sign equal to each other. 

Equatlnj^ the jeroth oi'der tema In A on either side of this equation, here’s 
what you }(et: 

JlaK)=E^k.) 

Now for the first-order terms in A; equating them on either side ol the Fumbo 
equation Rives you 

Now equate the coeffirLenrs of f} in The jumbo equation, ijLving ynu 
«r|^« ) = }.F.».|,,,^)+F.>.) 

Ohav, that's the equation you derive frotii the second order In A. Now you 
have to solve for E'-'„. and so on using the zerolh-order, tirst^jrder, and 
second-order eqtiatlons. 


Gcpyrighlec ii'aierial 



_.Chaptsrll: Giving Systems n Pu^h: Perturhation Thenry 

L^r^irt t»yitorLnj| thdt tli^ <]ii|)4>rriirl)^ wav^ [Eictijtioct. Isn't ^[»iny ta l?t> 
very dillLT(:i]t Ffoiil tJie iicrtiirbecl jinictiuii, bcijause tJie [icrtcirba- 
tiuii is E]]ialJ. Tliat that you cai] rtoniialize I so 

tJi^l I is eHaetly er|ual lu 1: 

CtlvflE rtiat = + the f![|i]atio[i bFoomes 

^U,\ I/+... = 0 

Atid because the eui:E(icJejits oE A i[LLJst both vajiish, yun ^et the Eolluwbijj: 

(o.lt''A)=(<’.|r".)=« 

This equation ks useful (or slmpUfylnj! the math. 


Finding the first-ordet- eonections 

AJter matcEiiafi | he eoethcienia of >. an cl s I mp liiyLnj^ {see f he proced I ni( soc- 
tionl, you wanr to Fintl the first-order correctioris to the enerijy le\'els and 
the wave luiietions, rind tJie Jirst-order torreetion tu lEie eiierLjy, by 
mtiltiplyini; W|^,) = by^ffi^l; 

You cait use H |vf■ (H,+A AV )| ut .) [ I) to s i mp lily this to 

Swell, That’s The espressLnn you use fo-r The first-order rorrecTion, 

Now boh into lintliiiif the lirsl-order correclioit to the wive function, i 
You can multiply the wave-Junclioji eciuatioji by lliis ne^l expression, which 
is equal to 1: 

n 
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Finding the secottd-order corrections 


Now find itie aecond-order corretlloas to the energy levels and the wave 
foncllons (the preceding 5ectiorr eovers flrai-order correctlen&). To find F/-> 
multiply both sides of \ )+ + 

f>y<it>^l: 


(P. 11U V'”.}+ ( P. IV^'' ) = {«i J (P. I ■V' ''I) + (p. 

I / 1 r ; l| / \ I >, 


■I) \^L 




TJiis looks Like ^ l-Duj'h iz^iuatioo untiJ yuu redlLzi: tJi^l -= 4 *gl equ^tl tu 

jL:ro, so you gL:t 



And because is also equal to ^ero. you get 


£'-■„ isi just j number, su you Jiavt 

K,)w|vrPg = E(^„{p,|^,) 


And of course, because * 1, yo'ti have 

i;'”.-(*.|w|9.<".) 

Note tJmt i( I is an eijsonslatc ol W> the aeeoad-order correction etiuals 
zero. 

Okay, so E®, ■ ■:0„ IW >, [[q^^ ^ou tuake that sitniiLer? We]], 

I ^1) I ^ {p,*| W pjp,) 

From usInUlP ^ .-Substiltiting that equation Into 

= (p^il ) Jjlves yoiL 

AJifc ^ 

.yN^ 

^ [.■«*l i.-fl 

Mfl LL - * Ij — 
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/^rrrlWl^) 

Now you ^Ldv^: E^'\ = (d, W |d. ) and T.\ = --5-- 

d^TB r- - — _ 




tTit total energy with the first-and second'order correctlons^ 
E„ = E''^. + E^', +... () 


So from thfa equatiort, you can ^ay 


1 /^ I w|d ) ' 

E.=E.+A{*.|wK).i=iE±-i^+... (^«]) 


That gives you the first- and second-order corrections to the enerj^, accord’ 
Inj; to perttirt>atlon theory. 

Note that lor this equation to converge,, the term in the stimmatlon must 
be small. And note in particular wtmt rinpiiens to the cxiiarLHloii Term it the 
energy JoveJs arc ilcEJencratt: 





|ji that CELbt, yoLi'rc going to ood ujj witti an tJiat equals an E®,„. wkLcIi 
means that the ener^'-COrreCtiOusequation bLu^'S upland this api;rFOaett 
to perturbation tlieory is no good — -wJiieb is lo say Lital you need a dil- 
ferent api>roach to perturbation tlieory (coming up later in "Working VN-iih 
PerLuhations to Degenerate llamillonians") lo handle systejns with degener¬ 
ate energy states. 

In the neirt section, 1 show you an e^iample to make the Idea ot perturbing 
nonflegenerate Hamiltoniaus more real. 

Perturbation Theory to the Test: 

Harmonic Oscitfators in Electric Fields 

Consider the case in whicti you have a small panicle oscillating in a harmonic 
potential, back and fonh, as Figure Ll-l stiows. 



- ^^riRl 
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Figjni 11-1; 
A lurmoric 
oscilkilDr. 



Heres the Hamiltonian for that particle, where the particle’s maaa is m. Us 
location Isjif. and the anRiilar frequency of iKe motion 13 <in; 


H = 


d'- , [ 
1 m l 




Now ziiiiiumt.'' that itic pEirticLe is charged., with charire if, and tttat >'Ou aj^ply a 
weak electric (icid, t, as FiiJiure Ll-2 shows. 




Fi|jr* 11-2; 

Applying 
an B-lprlric 
field to a 
lurmooie 
oacillGipr. 





E 




TJie lurce due to thi: i^Lctrii: iieLd iii tttis case is tJie pcrturhatiOi], and the 
Haihilloiiian becomes 




In thia section, ^oti rind the energy and wave hinctIons of the perturbed 
system and compare them to the evact sohitiona. 
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That mfikes ri]jurlng out second-order eneryv a ^Htle easier. 

Also, the following expressions turn out to hold for a harmonic oscillator; 


^r + l jf IrrJ" [n + I 




W 


{ti-\ jr|rT)=^t''*- 




I'i- 


[ 'Jrn-fei ^ 

^ _jT0tl^ a flea 

[(jjj|jr|n)|* 

With these four equations, yoo re ready to tactile H if. 

.irwR ,-F! ^ 

second-orcler correction to the energy. Omitting tiigher-pourer terms, the 
summation In this equation Pecomes 




e(«J .gW 


(fr-l|;f|ft 
flV'- 


-E 




Anri snhstiliiTinjJ in the for and E'"'^ - gives yon 


1 

[n + l\x ^ 

^ e - 

-firn 



flw 


Now, suhstitoting Ln for ^n t 11 j' I n ^ an [I rr - ] I s" I n ► ^Jives yoti 
^ (-hrn)(2mm) 


nr 






+ I 

2fltr= 
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Note also that Vi anclliV^ 

I'hejiE! FniiF E!qi]atii:in!i mean iKar 

I^ I" - 0 - f+V) 


Note whal thia equation means: Acldlnj; an electric field to a quantum har¬ 
monic oscillator spreads the wave Function of lire harmonic oscillator. 


Orlylnallv, tho harmonic oscHiator’s wave fimctlon ks Ju&t the standard har¬ 
monic oscilJator wave [Liuctioo, liir^^ = ln>. Ap]]JyLny an electric field soreaclFi 
the wave luiictiuii, acldiit^ a camiiaiient oE If? - whicti is iJraporrioiiaL to 
tJio electric field, c. aiid the cJi^r^fe of the oscilJator, if, like tJiis: 



ol-l- 


fi€ 


^ ti (ft I 


ylnua^ 


VI 




And the wave Function also spreads to the other adjacent state. I n * I?-, 
like this: 





You end up mfjilng states. That blending l>elwoen states means that the per- 
tiirballon you apply murst be small with respect to the separation between 
unperturbed enerpy states, or you risk hhirrln^! the whole syslem to the point 
that yon can’t make any predictions about what's floln.p to happen. 


In any case, that 5 a nice result — hlendlnij the states in proportion (o the 
slrouiftli oF File electric field you apply — Euid it‘s typical o£ tJie rcsull you jjet 
with ptrlurhatiOil tlieory. 


Okay, lltat'fi how nondeyeuerale perlurbalion theory works. As voo can see, 
it’s slronjfly dependent on haviny the ejiergy stales separate so that your 
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Now rmi]ll|>lvjnglliat equation by <\\> I you 

■ 6 

l[ (I) + { ^^ IH ) ]".. ^ E, ) 

Uslnj; I he fact lhal ■^4'„ I4 j^> - l and =. () 1£ jiq 1? not equal to ji pives you 

Physldits often write that equation as 

{^=1.2,3./) 

«v| 


where people also write that equation as 

= u (;j=i,:!.;j. f] 


where - E‘"V That's a sysletn of linear equations, and the solutSoii 

evIstJ only when the defer minant to Ihka array is nonvanishins; 


11,„ H„. ... 11„, 

H„ ... H,„ 


H 


iiri 


H 




H 




H., -F-W. 


The delerminant nf this array is an ft h dciJreE equation Ln and it haa / 
[ILFFnicnr roots, . I'liuse f [liEEarenr roots arn the fi rsit-ordor aurrne lions 

to rhe HamilronLan. Usually, Those roots are diirereot beraLise oE the applied 
perturtrarLon. Ln otlier words, rite perlurhation typically ^ets rid of the 
[tc^oncracy. 

So here's the vvay you find the eij'envjlues to the (irst order — you sel up an 
Pby-fmatrlji of ihe perturbation Hamiltonian, H , where H - -iifi I H lo >; 

ti 



righx::! 


r 


jrial 
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^ ^ I I ^ ^ ■•■' ^ ^ ^ JJ 




Then diagonalize thfcs matrix and determine the f eigen values E''>, and the 
matching e Igen vectors: 


^..i| 


=*jf 


/?«I| 2a 3-, a,.,{ 


(J 




TJieit you jjct tJic cacrjjy eigenvalues tti (irtt order this way: 

[u = [,2X..J) 

A]]cJ the eigenveetors are 


In the next section, yoy tooliat an example to clarify this idea. 

Testing Oe^enerate Penturbation Theory: 
H^droqen in Electric Fields 

In this section, you see whether degenerate peritirhation theory can handle 
the hydrogen atom, which has ensixty stales de^tenerate In dilferent angular 
mementtim ciuanttiin ntimhers, when you remove that degeneracy hy apply¬ 
ing an electric tieLfl- TtiLs setup is called the.Slfyjfr pfJircJ. 
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El^, 

ll.z. 

] 1 ^11 











UniniJ The ma th jjivss ynu rtiLi Temarka h ly s i mj] le resiilt: 





Hp. 

0 

r 

1 

Cl 

^pa 





0 

0 

0 

El^ 

J 



* ] 

(t 

D 

h 



H... 


0 

0 

0 

0 


LkLa^uiial iziEt^ rttib. niatrlK yiwii yuu ilieiic ci^iMivalueii — TIiet [irsi-urtli.T cuf- 
rijctiuiis Eu the uetperEurhed LMii:F^ie!i: 


E'^'i» -Secd-g 


is I Eld Firsr-URLDi eoTFectiuii Fd tlie tmcrjiy uF tlie I l> ei^foctFLiEtetioEL. 
Ls the Eirst-unJer torreclLun to tJit dcici^ oE eFlc I 2> tLyeiiluiietiuii, ^eliJ 
iiLT oil. Addbij' tJiesiL; EorreetioELb. to I Fie LiiitterturbeiJ energy lur the fi = 2 state 
Hives you tJie iiiiaL ener^jy levels: 


^ Rj=^ + 5r!E(S, 







wtiere R is ttie Rydberg eeiistEuit. Mote this resuJt: Ttie Stark edeel reiiiuvesi 
the ecierjjv deHeutraty iit 1200^^ and I2ll}> (tJie I U ajitl l3> eisrectEufLCtions), 
but the de^i^neraey in 121and 21 - L> (the 2> and eiH^nlunctions) 
n^jnnins. 
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^opyrighiGd Ti^jfvhql 



Chapter 12 


Wham-Blam! Scattering Theory 


/fl Ch&ptffr 

^ Switching between bb and fenter-of-inass frajnee 
^ Srlvlni* the Sc tirortiriger ec|i lat ion 
^ yin^in^ ttie WAV? E^ncttnn 
► Ptitllny the Bom appr^Stiiallon ro work 


I# ojr Nallona] Science Foundation grant rinaHy came through, and you 
^ built your new aynchrotron — a panicle accelerator. Electrons and 
anti-electrons accelerate at near the speed ot light alonj; a giant circular track 
enclosed In a vacuum chamber and collide, letting ye'll probe the structure of 
the high-flnfln*y partinlRFi ymi crear-fi. VmL'ne sittlnij at the cnnFiole nl yniir glanr 
new experimetit, watching the Jight.'; Ileiihing and the .signals on the .qrreen^ 
approvingly. MiJlions oF ivt^tts oF jiower ootir^e througFi tite thick cahLet^, attti 
tJie raiLiatiott mottitur^ are liceping, indicatittg tJiat things are working. CouJ. 

Vuu'rc acceteratbig particles atid siiiashittg tJietn agabist each other to observe 
how they scatter. But this is slightly more complev than observing ho^' [jool 
halls collide. Classically, you can predict the exact angle at which colliding 
ohjecis will bounce ot£ each other If the collision Is efttsfrc (that Is. momentum 
and kinetic energy are both conservedJ. Quantum mechanically, however, you 
can only assign prohabititles to the angles at which things scatter, 

fliysicLsts LisF Earige particle areelerator.'i ttj tlLscover more about the .struc¬ 
ture ot matter, and titatiitucly Li centraJ lo modern ptiysics. This chapter 
serves as art LutroduetLoji to tJiat lield ol sludy. Vuu get to tEike a look at par¬ 
ticle seatleriiig oo the subalocnie level. 

Introducing Particte Scattering 
and Cross Sections 

Think of a scattering e\porinient In terms ot poitkies ir^ and pfljtrcfies otrf. 

Luuk :it I'igure 12-1, tor example. In the ligure, partieJes are being sciit In a 





Part V: Group Dynamics; Introducing Mulliplo Partidos 


FIgjrelM; 
SLattering 
Tram 3 
targcE. 



Stream from the lefland Interacting with a target; most of them continue on 
onscatlerect, tnitsome particles inleracl wjlti the target anti scatter. 



Those partleles that do scatler do so at a panieularaitgle in three dimensions — 
that is. >OLi give the seattering angle as a solid angle, dtl. which eejuals sin^ do. 
where 0 and (i are the spherical angles I introdnee in Chapter S. 

The rTimher of particles scattered into a specific tfO per unit time is propor¬ 
tional roavery imporranronanjlty in scattering theory^ the cliEEerential cross 
section. 

dfff & 6 \ 

The CTt>s& secfftyj is given hy —^ i ajid it's a measure of Ehe 

ntimher ot particles per second scattered into dtl per incoming Flux. TKe fnt:/- 
tiffnt fiiix, .\ (also called the cjJFiien^rilpnsj^), is the nnmher ol incident parlirlej; 

per uitLl area per unit time. So ■ ' -is 

uii 

Si " J iSi 


wKere is rtte nLiinber ol particles al angles 4) and 6. 


ThediJferential cross section 




has the dimensions oJ area, so calling 
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It a cross aectlon is appropriate. The cross section Is sort of like the siae of 
the bull's eye when you’re aiming to scatter Incident particles through a 
specific solid angle. 



The fws seer™ is the cross section for scatlerini; to a specific 

solid angle. The noful ctosj ifcfton-, o, is the cross section for scattering of any 
kind, throuRh any angle. So Lf the differential cross section for scattering to a 
particular solid niigle is like ilie bull's eye. the tutal cross seeliuii eurrespunds 
tu Ike wJiuJe target. 


You can relate the total cross scctLo-ji to the differential cross section by inte¬ 
grating the following: 


cr=] 







iSi 


Tmastatia^ between the Center^of^Mass 
and Lab Frames 

Now you can start getting Into the details of scattering, beginning with a dis¬ 
cussion of the center-of-mass Irane versus the lab frame. F.xperiments take 
place In the iniffrume, but yon do scattering calculations in the cenft»r<3^-w?trs5 
dnaTe, so you hgv? to know how to translate between |he two frames. This 
SFCtion ejcplains hoiv the frames dilfer and shows you how to relate the scat¬ 
tering angles and cross sections when you change frames. 


Framing the scattering discussion 

Look at Figure 12-2 — that’s scattering in the lab fraine. One particle, travel¬ 
ing at is incident on another particle that’s at rest (Ujr,.,r^ > 0) and hits it. 
After the collision^ the first particle Is scattered at angle traveling at 
and the other particle Is scattered at angle and velocity [^ahn- 
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V 


V 



1 lab 


2 Uh 

• 




tT 7 





I 1 

Fi|jre 11-2; 

Scattaring 
in tha lab 
Irame. 


A 



Now in |hc C?nt?r-<if-inass Erame, the oenteif oE ma55 is atatipnary anfl th? par¬ 
ticles head toward oach olEier. AFter tFiey collide, lEiey head awayErnm e?ch 
other at ariUles & and Ji - fl. 

You liave to move back and forth between these two Jrajnes — the lab frame 
and the center-ot-mass frame — so you need to relate the velocities anti 
angles (in a nonrelativtstic way). 


Relating the scattering angles 
between frames 

To relate the 0| and 6, you start by no-tiog that you ran connert 

Aod t’lj using tl]e velocity ol the renter of mass, tliis wny: 

^itas. = i'le '^iiii 

In addition, here's what can say about the velocity of parllcLe 1 after it col¬ 
lides tvlth particle 2: 

!■: * 

Now you ran Einri the romporieot.'i of tEiese velocities: 

I P^ tOSej = COS0 - 

^ t'VuL Eio0i = t''j„E3[l0 

Dividing the equation in the second bullet by the one In the fitst gK'es you 
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Note alKD tliat = roJt/O- or = raii(^±-V0- 

Vuu kiiuw [hut 3| = *}i. and taji{fli) = tai](V* - 'AJ riillsi you tJiat tho Eollowinj; is 
triiL:: 


-"A-Vj 


So s n Im t Itull nju - Vi I n to the procetl Injj oquatlon jjLves yon 

ft, =Vj-u, 

ft, + ft, = */a 

TJioFtduro, ftj and Q|. the aji^ks uf tJio jjartiolos in tJio Jab Jraiito aJtiT tJio i:uLLi- 
Siuil, Add up lo — which ]it[^ans ft. And e, aro at ri^ht ai]^Lus with rF^SpftOt to 
eathotJitr. Cool. 


In this case, yon can use the relations you've already derived to yet tliese 
relations In the special case where 



= -^COs(^j)- 

U 

dClj 

rfcr(p.(?) 

dtlj 

= ^cos(|) 

U 


= Jlcos{S,)- 

U 

dCi, 

dCi, 

= 4c«(f) 


dQ 






Tracking the Scattering Amplitude 
Of Spinless Particles 

In the earlier section "Translaliny telween iheCenler-ot-Mass and Lab 
Frames” you see ho^ to translate Ironi the lab frame to the center-oJ-jnass 
frame and back again, and those trAiisLatLons work classLcally as well as in 
quantum physics (as long as the speeds involved are nonrelatlvistlc). Mow 
you look at the elastic scattefinE ot two ^pinless noTirelativistic partktos 
From the tlme-lndepenrlent Cltkantum physics point of vlov^. 


Assuniff that thF intprartion bfitwFffn ths parlirtES rlEpfinris nnlynii thsir 
rFlativF [EiFitanrF, hg — I. Ydll caci r^ducF pmbJems oE this kind to tivo 
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decoupled problems (see Cha|>ter S for details). The first deeoupletl equation 
treats the center of mass of the two particles as a Iree particle, and the 

iiL:coi3(J c-tjual io]] » jur d flclLtious uarticlesi ul iiidSE " “ „ ’ . 

^ m, + ffj. 

TJieJirsl decoupled ecjiioiio]!, llte free-particle eqaaiiO]i ol ihe center of mass, 
is ol ao iiUeresl to >'Ou iit scalteriaif discussioas. Ttie second equatioa is iKe 

one tu coiiecalrate oa, wliere p = ^ : 


=fiL 


V>[f)+V|;r)vr[r}=F^[r) 


Voti can nse the preceding equation to solve for the proheblllty that a par¬ 
ticle Is scattered into a solid aoRle rfn — and you iiive this prohatfitlty by I fie 

(flFFereailat cross section, 

uu 



Ir (joantum physks, wave paci<et5 represenr particles, fn terms of scattering;, 
thftse wave pacliets mnst he wide enouiih sn that the spneadinij that occors 
rturini; th(* srattfirin^; pmcFR-s is ne^iijiblE [hcjwtwFr. ItiE wavp- parkst ran't hs 
su spread tliat it ciicojiipa^ges itic whule bb, iiicLudin^ the particle detector^). 
Here's the crux: After the scatterinj;. the wave Inaction breaks up into iwo 
parts — an uascaitered part and a scattered pari. That’s how scatlerinij works 
in the t^Liaatuin physics world. 


The itjcident cc^dr^e fmetiett 

Assume that the scattering potential V(r)has a very finite range, o Outside 
that range, the wave functions involved act like free parilctes- ^jo the incident 
particle's wave function, outside the limit of VfF) — that is, outside the ranj;e 
o from the olher particte — is j;iven hy This equation,, hecaiL'ie Vfr) is zero: 


where 


Ml 

■ 


The form [ c) + [ r) = H Ls the eouarinn for a p Ian e wave, so 4>,n-Cc) is 

where Ls a normalization Factor and k„ ■ p is rhe dor prodiioT 
hetween the ineideot wave a wave vector and r. In other words, ynu’re treat¬ 
ing the iiici^tertt partirle as a parlicte dF montentLiiiL tik. 
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The scattered Watfe fmctton 

After tfie scattering of the spin less particles, the nonsealtered wavelnnctfon 
Is n't ef muc h Inleres t to you, but t h e s eatlered wave funct Ion Is. Alt hotuth t h e 
Incident wave function has the Form the scatleifed wave fimc- 

tinn lt:3s R.IL]jl]tly diEler^iit fnrm: 


TJic j(4). part bi calLciJ eFlc acisitering ampiUmis, and yunr jub is. tu EiciiJ It. 
Here. A Is a iiunniiLizzitiuii Eactur and 



where E is Hie ener^fy ot the scatlered particle. 


Kelating the scattering amptitude 
and differentiat crass section 

The srartering ampliTiirie oE spin Less particles ttirns -ntH fn he rriicial To 
undcrstEuidi]]}' scaitering Eruiii I tic [luaiituin ptiysics i^Oiiil ul view. Tu see 
thaL, lake a look at ihc (Ilia dcnsilLes. (the Hua density ol the iitcidejd par¬ 
ticle) artd (the fliut density tor Ihe scattered particle); 

Inserting your express ions (or and o^c iitto these et^ nations gives you the 

followins, where H) is the scattering amplitude; 



Now In terms of the fitly, the iiutiiber ol particles dNCit, n) scattered into dil 
and passing throufih an area dA = Ls 
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And the Iiomogeneoua solution Is a plane wave — that Is, il corresponds to 
the Incident plane wave: 




To take a look at Lite scaLteriiiiF that happens, you Itave to (ind the particular 
solution. You can do ihal In terms of Ciwrr's /uwAo^ts, so the solution to 


IE 


V,(,)=^»' + &/G(r-r)V(i->(/)rfV 




This intORrai breaks down to 


^ ,1 iitt 
An'i r-r I’' 




You can solve the preceding epuatlon in terms of Jnconiinjr ajid.'or outgoing 
waves. Because tlie scattered particle is an ouLgoinj^ wave, the Green's tunc^ 
tion takes this Jornt: 




You already know that 

r 1 ^ J ^ f ■) V{ r'-) (r-' V-' 


fio substitLirini'}- 





477 |r-r'| preceding eqiiatLnn gives you 

^V|»(rVV 


Wow, tliat'ii an iiitcgraJ equation tor 47(7), ttic wave equation — tnnv do you 
goaLoot solving tills whopper? Wtiy, yoo use I tic Borji appruTdniatioii. of 
course. 



288 Part V: Group Dynamics; Introducing Mulliplo Partidos__ 

The Born ApproKimation: Hescnwg 
the Wat/e Egunthn 

Ok^v, vuur is tu solvi: tJl{^ Jullowitli^ v^^u^tiOii Eor d,,^ = 


Vnu can do that with g series of snccessivo ApproKimariors, cgllfd. the Hom 
appjvxrs\£iii<jn (this isi :i laiciuLi^ r'i:^uLt). Tu sUrt., the zcrOlk urdc;r If ufo 
ipijrLrai(lialLi>Jl is jnit 4r;(r) = Ailtl Suhstltutirtir lllLfi zOrOllHJrJcr ICrOl, 
ioio thfi first tiiuitLoji in this section liives you the fLrsl-ortler temi: 


which, tisinf;i|)g(i^= yon 


You get the second-order term by suhslituting this equation into 


#T-pj 


("l “diF f 


Ami suhsTihitiniHp,(r) = p^-TV(r,)(ffi(i',)rfV, into the piecerjinj' 
Equation j^ives yon ^ 


v.(r)' 
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The palt^rn conllnu^s for the hlyfier terms^ which you can find hy |>luj;glng 
lower-order terns Into hli;herores. 


Explomq the far Umits 
of the ufatfe function 


Now that you Vi: LUied tin: Bom apprOxIjiiatiOii (sue titu |jreCedLi1^ seCtiunX 
take a leek at the ease where r]s larjfu — iji scattering uKperiinenti, r r', 
where r is the distance trem the target to the deteelor and r is tJie size ol 

the delector, What happens ro V{r]iff{r)d*r ^ the 

esact integral ecjuation (or the wave functtoji, when r» r? ftere'a the answer: 




fi 

2;rA''|r r| 


V[r'}^[rlJV' 


Because f ?■> f", yrm can say that fri r - jM = ^r- ft ■ r', where ft - y is the dot 
product oE ft and y (ft is The wave vector oE the scatlereri parTieJe). And 



ttsirg the last two eciiLarions in 
gives yoLi 




yt,r) = Ae^^ + ^^^F{i.S] 


r —s ™ 


Aj]d 


The differential cross section is given by 
case becomes 




I .- -1 _, 


which in this 


i£l 


7|J» "'V(r’)t.(j--)rfV' =^ (i|v||^} 
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Usw 0 the first Bern apprexintation 

If the potential ts weak, the Incident plane wave Is only a little tllslortetl and 
the seatleifeci wave is also a plane wave. That’a the assumption behind the 
Flral Bpi'n appi'O’finiatlon, which yaii take a look al here, So LF you make the 
AFiFiLiin[)tian tttBt the pntentiziL you can d«tf!rmin^ Emm ttiE! Eqiizitioii 

Vf J J-1 = - 2 ^ f V (r, 1 ty, [ r,) rfV, that 




a t 




Okay, so what Is /(u, i^)? Well 


And this equa Is tFie Follow In^, where </ = it* - A.- 






And because .vouhave 


{/Li 





When the scalterinij Is elastic. the ina^piitLitje ol A is etitial to the mai^iiittttle 
oF Jiy. and yoti have 

^ = 1*4 -11 = 2* 

where y is the angle between Jt* anti *. 

In addition. If you say iFiat V(f-) is spherically syianieti-le, and you can choose 
the z avis alons nf, then if- r =(;t' cos^l', so 

1 'hat eqLLAlF^ 

■• a E * 7 ^* II 


CtHpyririhiHxi ii^sterial 
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Beciiuse' 


^ you know so 




<£.i 




Jf'V^ i^ Jjuji JdK 


You've come far in this chapter— Ironi the SchrOdinger et^uation all the 
way through the Born appro;<iniattoii, and now to the preceding eciuatSoii tor 
weat, sphertcally sym metric potentlaU. How about you pul this to worliwith 
5 [>me con Crete nn mher&V 


Patting the Bern eipproximatwa to Work 

Ir This- secTino, youlind the riiEEerFnrial-cross .SFctioa for two FlFctrLcaJly 
cliargtnL particlFS oE cliarge Z|e and Z.p. HerF, Ehe poEentiaL looks like rEbis: 


lSo EiFre s wliat EKf [liEEFrFCbrial cross section looks like in EEif FLrsr Born 
apiiraximarlmi: 

-A2{Z;^pr 

i/tJ “ 

And because . you know that 

Ji .1 ~ 


And because ■ 2 ftsln("A), thelollowing Is true; 
iz.^z/cV Z,*Z/e!+ 

d£l “ UJ 



where E is Elie kinetic energy oE the uicomlng particle: ^ “ 


2p - 


Now gel more specific; aay that yon Ye smashing an alpha particle, Z, p 
against a gold nucleus, Z-. - 73 . If the scattering angle In the lab frame Is 60 '', 
what Is it in the center-ol-maii Framed 


Tinn";-- 
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The Part of Tens 


The 5^ Wave 


By RicMcfniant 




' J^+-^t-. ''TSoji! ^ E-nfS 




Qt-‘ 


-sa^ 


r?f['^l^ 

-■ ^ 1^-f J -is-V11.J 






■'■ " isn \f^-^ 
\'i?" 

'?iio1(V?^j^-i|^H.fpiJS£l- 



Wir 

5 

r 






’'’VJltM' eKScUg art ve raying here?* 
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Chapter 13 

Ten Quantum Physics Tutorials 


Ja lhi$ Zh&pv&r 

^ Linders b^Lsie conceals and et^uations 

^ ViFwin^ iJ]Li!itrArinn^ Acirl AnLmAtion!^ 


MMyhm !:eipnti^rA mi^in^rjilk oE rliFe. hilLiArd h^ll^, And a poR.!iLtt^ 
▼ ▼ Lindead rat-Ln-a-linx, you know you're dFaJinEJ witK a rtiallFniiLniJ sub¬ 
ject. LiickLLy, you eaii EincI plFuly oE on Line tLiroriaJs. sume ol lLLF]it iFatnrii]^ 
Aoiicidtlon, to JieL[i you wrajj your brain arouiicl (juariLuni i^liysLes. TEtis cltajj- 
Eer preseiils a good starter list. 


Alt Intro^ucthtt to Qumtum Mechanics 

■ft'wWiCiisinletry .•OEiio—arate . adu/liatha/^n 


WiKst is ii ivisva fandfon? WfiaS is trn arbitaf?: An tntmdiidfon ftj (JrjorrJjjrrr 
jWee/ranj'cs cujiies Iron] Neal ^teDoiialiJ. Miduri Kitagawa-DcL^orL, Anna 
Timasheva, l^ealti hfanlln, Zil Lilas, and fherwLii J. Singer at The Ohio Slate 
University. This site Includes tutorials on prot>abillly. particles versus waves, 
wave functions, and more, Including ShocltwavcrtHiaed sound flhoug^ If you 
don't have Shockwave Installed, that’s not a problem). 


Quantum Mechanics Tutoriaf 

•^n’ww . gilestv .ccmAtutorlaLs/quantum. html 

This cool tutorial Is one of the Flasfi-anlnaled \fottern p^rys^cs Tatoifctis l>y 
Giles Hogben. E:<lenslvely Illustrated, this tutorial prohes questions such 
as wave-partlde duality and offers a good general iniroductJon to quantum 
physics. 
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Grains of M^sti<{m: Quantum 
Physics far the Layman 

WWW.fiqa.org/doca/qp 


Tins Site providesj;ooij liLstoricjl^nd e?<perijnej]L£Ll bael^rouiid ijifo—and 
they've documented their sources and ntade sojne attempts at peer review. 


Quantum Physics Online Version 2.0 

'WWW. qjantum-physic s. polyteehr^ique . f r/ir.daK. htmL 


T]hs is a coot set Ot programs tJut rujt in yOur browser, i^iving Sim Illations 
of various quajUum phyaics experimenta. tt's by Manuel Jottre, Jean-Louis 
Baadevanl, and Jean Dalibard of the tcole Polyiechoique in France. Look for 
Infoi-nialLon on wave loechanles, quantisation, quantum snpei-posLtion, and 

spin Vfc 


Todd K. Timheriake^s Tutorial 

f acuiLtv'web,berry. edu/tticiiberLake/qchiiDs/qr.. litmL 


This tutorial Is by Todd tC. Tlmherlake, assistant professor ot the Department 
of Physics, Astronomy, & Geolojfy of Berry College In Georgia. It's a fairly 
brief but weii-writren introdnctioTi to the ideas of otLanrnm mechanics. 


Physics 2hlTs Tutorial 

vt.'w . phys ics24 T . coir./phy.? ics t utor ial /quantuni phys ics = 
billiards ^ shtml 


This is a test-based tutorial from Physics 2-1/j. ft Includes material on quanta, 
the uncertainty principle, and quantum tunneling (as well as some adsj. 



-riRl 
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Stan ZochoufskVs PBF Tutariafs 

WWW. cni^r.p < ucl . ac . uk/ '-•swz / couraa a i SM\3 55/ Stli 5 5 . tml 

Stin Zochowikjjrom thtdeparljuejil &E Phvfiics i Astronomy' ai L'nlverilty 
Collejfe Londoji, put logtlher lliese PDF-tased luloriats on quanlum phvs- 
Ic3. These are mtorlal Tiarrdlouls for a Quantum Meehanlos course at the 
University College, and they serve as an ejfcellent introduclLon totiuanium 
physics. 


Quantum Atom Tutorial 

'/i.ww . coilorado.€au/phvsica/2O'O'O/qMantuniEDn0/iadeK .hzml 


This is a fun. cartoon-eentrLc tutorial on the ttuanlutn nature of the atom from 
tho University of Colorado Physics ^OOO project. 


CoHeqe of St. Benedict's Tutorial 

m-ww . physics .osbBju. edu/CM/ indeK. ht ml 

This is a cotiipteheiisive tjuaiitum physics tutorial from the Colleue of St. 
Benedict. It’s a good, more serious, lest and etjuatlons-based tutorial with 
pienly oE Illustrations, 


A Web-Based Quantum 
Mechanics Course 

electrcnfj. phys .utk. edu/qzil/ModuleH . htm 


This one’s from the University of Tennessee, and it's an extensive online 
course 1 n quantum physics. It Includes modules on square potentials, har¬ 
monic oscillators, angular momentum, spin, and so on. 
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Chapter 14 


Ten Quantum Physics Triumphs 


h lhi$ Zh&pv&r 

^ E?iplaijiin^ results 

^ liienti[yin^ c^hAr^cteri^tii^^ of the [|LiF»itLLm wntid. 


■ ^uartum physks ^as b^en vtry siiccesiEw] In explaining many physical 
phftnnmeriB, stirh WAVR-parTicle ciiiglity. In fAct, quantunt phy^i-ns 
WAfi rFee.t«ii tn explain phy^iicAl meB^iirementi; th^t physics cnijJdn't 

explain. This chapter is abciiit ten triumphs oE qiiantLim ]]hysics, and it points 
yon lo resniirces on the Web tliat eKaiiticLe those triumpEis lor lurther 
uifari[iatLoii. 


WaPe^Particte 

Is I hat particle a wave^ Or is that wave a particle? That’s one oF the riiiestions 
that qiiaritnm physics was created to soh-e, because particles exhibited wave- 
Like ]]ropeFties in tEte lab. wtiereas wavies eKtilbited particle-like ]]ro]]erties. 

TJiesc Web sites otter more iiisisflit: 

I t^ ■w.'w, gllestv r com/ tutorials/quantmm . html 

. phyciosSi"?. cciF./physicc-t'atcTi;iL.-'qmfl.nttim-phycicE- 
bill i^rv-ic^-shbrnl 


The Photoelectric Effect 

Amjther fbundlny plLlar of ^tdihiLini pJiystics wits explaudhii the pfumeieciric 
effCLt in which expcrijiienieri sJtojie light on n metnl. No niailcr how strojig 
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th^ lljffn, ihe energy of ejected elect roni frcm the metal didn’t rise. [l turns 
out that tlie energy of eleetruns goes tip with the frequency of the light, not 
Its Intensity —which gives support to the light as a stream ol discrete pho¬ 
tons theory. 

For more info on the photoelectric effect, check ont iicstv, oom/ 
tu tor i ila/quic. t^cf.. ht m L. 


Postutating Spin 

The Stern-Gerlach experiment results couldn't be e^fplained without pos¬ 
tulating spin, another triumph of quantum physics- This experiment sent 
electrons through a maj^netic field, and the classical prediction Is that the 
electron stream would create one spot of electrons on a screen — hut there 
were twfn {rorres ponriinij. to the two spins, 11 p and down}. 

Tills Web site has jnore inlo: electron^. phys . utk. ed'a/^l /Er.odulaa/ 
in 57 spin. htr.. 


Differences betufeen Nekton’s 
Lau/s end Quantum Physics 

In cla.s.qiea] phy.qir.s, hound pnrlirles can have any energy or speed, hut that's 
not true inqiLantum ]]hysics. And in elassicaL ]]hysics. you can determine 
both the position and nioniejituin of panicles e\acLly. which isn't true in 
quantum physics (thanks to the I leisenherg uncertainty principle). And in 
quantum physics, you can superimpose states on each other, and have par¬ 
ticles tunnel into areas that would he cLasstcally impossible. 

Yoti can find anicedlseussloji of the differences between classical and 
quantum physics at fdcaltyweb.beirry*-edO/Lt:ijMberlake/qc;hdOa/ 

ijiii. hL-il, 


Heisenberg Uncertainty Principle 

One of the triumphs of quantum physics Is the Heisenberg uncertainty princi¬ 
ple; Heisenberg theorized that you can t simultaneously measure a particle's 
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Sefuere Wells 

Liki: tidiinuiiic OsCiJJEiiCirii, ljuuiid icL wtlls iit tJii: 

micro Level v/i\£ miotlier trLuiepK ler ^^u^iriLLin] piJiy^iOi;. ClasiSicfiLly^ pjrlicles 
Lji Square we]l& can have any eaei^y, iml guantej]i £ay£ yau oaa aaly 

have certain allowed eaer^ies. 

There'i plenty on [tie Wet ahout ll, including these two yood t^eatInents; 

I t^ phy :ii e* , C :ib* j u - isdo Ipdest. html 

eleC:tr<S«.5 phya . qtk-edu/qr:il/inadale^^rjodLiileS . liLin 


Scfiro^in^er^s Cat 

SchrGdiiiger's Cal is a ihojgtd experiiiienl that details some problems that 
arise in the macro world Erom thinking oE the spin oE electrons as completely 
non-determlned until yoti measure ttiem. For example, ir yoti krow the spin ot 
one of a pfllr oF newly-created electrons, you know the other has to have the 
opposite spin. ^0 IE you separate twn electrons by Eight years and then mea¬ 
sure the spin nf one electron, does the nther electron's spin suddenly snap 
to the opposite value — eiven at a distance that would take a signal Emm the 
first electron year^ to cover? Tricky stulfl 


For more, lake a look al wWrCrileatv. Gom/tutoriols/cruontun’..hiinL. 





Glossary 


er?'s a glossary of common quamtiim physics terms; 


ainplitude: 'I'lii: iitaxlmunj aiitoLiot ul dispJacciit^;]]! uF an ascLIIatii]^ jiartLcIc. 

anjjular momentum: The [troduct oE the dLytEiJiee a particle iii Iron: a certain 
f>oLnt and its jiioinr^itciifi measured with respect to the point. 

Aiiniliilfrllon operator: An operator that lowers itie energy level of an eigen^ 
statehy one level, 

anil-Herniltiftn: The value yoo ij(et when you take the Hermltlan adjoint oF an 
ev n ression and pet t h e sam e l h l np track with a n egat Ive stpn I n Iron t oF 11. 

black body: A body that absorbs all radiatlmi ajid radiates it all away. 

fiohr radius: The average radius of an elcctroii's Orbit in a liydronen atom, 
about lO'i-*meters. 

briiind Atatei A state Jn which a particle Isn’t free to travel to Infinity. 

hnaoiu^ Particles with integer spins, Including photons, pi mesons, ajifl SO on, 

bracket naladoii: Abbreviating the matrix Form of a State vector as 5 ^f- 
or I Hr*, and ahbrevtaflnp the ket 5 complex conjugate, or fora, as - 

eenler-of-masa trame; In scattering theory, the frajiie in wideh tite center ol 
mass is slatioiiary and tlie particles head toward each otJier and collide. 5'ee 
o.f£o lab frame. 

cmlmL polcnlinl: A Spherically symmetrical potentiaL 

commune: Two operators commute with each other If their commutator is 
equsi to 7ero. The com JTTU/of or OE operators A and H is [ A, HJ = AH - Ft A. 

complex conjugate: 1'he rum tier you get hy aegating the imagine 1 ^ pari ol a 
complex number. The * symbol indicate.^ aerrmplex conjugate. 
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Coniploii effect: An Increase of wavelength, depending on the scattering 
angle, that occurs after Incident light hits an electron at rest. 

c{>naervBtlnn nf enei^; The law pF pFivsIcs that says the energv' of a ctcksed 
system doesn’t change unless ejfterngl influences acton the system. 

creation operator: An operator rtiat raises tttc energy le\'eL ol an eigenstate 
tty one level. 

eurrnit density: Se(^ incident Ilu^. 

eleetrun vultn (eV): The amount of energy one electron gains falLijig through 
I volt. 

dlagonalt/e: Writtnga matrix s 0 that lh.e pnty npnr.ero elements appear aton^ 
the matrtx'a cllaflonal, 

differential erosa seeHon: In scattering theory, the cross section For ^catter- 
uig a particle to a spcciUc solid angle; il's like a huirs-eye. 

Dirac's constant: Planck's constant (^J = 6.626 x 1(3-’^ Joule-seconds) divided 
t>v 2 t:. It's represented by an fi with a bar going through it. 

Dirac Polnltoh; bra-ket notation, 

eigenvalue: A complev constant that represents the cFiange In magnitude of 
a vector. 

eigenvectan .A vector that cFiangej; in inaghitLide hut not direction after you 
ap]]Jy an uperator. 

eluslic collistun; A collLsioji in which kinetic energy is conserved. 

electric field; The force on a positive test charge per Coulomb due to other 
electrical charges. 

electron: A negatively charged particle with h^lf-integer spin, 
emisstvity: A property of a substance .showing bow well It radiates, 
energy: I'lie ahlLity ai a system To ^Ld work. 

eneriiy degeneritcy: The number of States that Itave the same energy. 
enerTgy well; See potential well. 

expex^iailon value; The most probable value an operator will return. 
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rennlorw: Particles w|t^ half-integer si>ln, incliitllng electrons, protons, neu¬ 
trons, quarks, and so on. 

frequency; The number of cycles ot a periodic occurrence per seeoncl. 

HamillnQiaiiL An operator Eor the total energy of a particle, both Idnetic and 

putecLtial. 

Heumbcr^t uncertainty principle: uaccriaialy principle. 

Jlennttinn ar^uinl; A value, represented as that replaces complex num¬ 
bers wit It their complex conjugates, swaps bras and kels, and replaces opera¬ 
tors witb their Kermitlan operators. 

Henuetlan nperalnr Operators that are eCjtLal to ttieir Hermltlan adjolots;; In 
Other words, an operator is Hermitian IF At = A. 

incident flux: ThE! nnmbnr oE Lneident particles por unit area per tin it time. 

inelastic culltrlan: A collision iji whicJt kinetic ener^ isn't conserved. 

intenolty (wnveii The lirtte-averagecl rale of ener^fy transiiiitted by a vrave per 
nitiL of area. 

■Inule; The MKS unit of energy — one b'ewton-meter. 
tel: .See bra-ket notation. 

kinetic enei^t I'he ener;g^' oE an object due Eo it.s motinn. 

Inb fromeEln scatierlnj; tJteory, tlte frame in whiclt one particle is incident on 
a particle at rest and Itils it. dfso center-of-mass Irante. 

Lnpkclah; Aji Operator, represented by d. that you use to find the t-lanilllonlan. 

magnellc field: The lorce on a moving positive test charge, per Coulomb, 

From miyjnets or movinR chiirge.5. 

magnitude; The .size nr lengrh n.s.snriated witK a vector fvectnr.s are made up 
of a direction and a magninidel. 

mass: 'flic property that makes matter resist being accelerated. 

momeiiluiii; The product ol mass times velocity, a vector. 

MKS system; The measurement system that uses meters, kilograms, and 
seconds. 
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NewiMii; The MK5 unit of force—one kllogram-molor per second^ 

unrQtaljKedlkiiioilOin- Aliinctlon In which the prohahllity adds up to L 

orhllala: rUfferent angular momentum s-tfllos of an electron, repro&ented as 
stilHhella In atomic structure. 

orthogoDBl: Twu Jcct^. I i{r> and lor whic h ^ I o > = C). 

orthononneil: Two kcts, 14;^ and that tneot the following conditioos: 
i= (I- 1 4j 14f s = 1 : and 10 •’ = I. 


oMlllaie: To inO've or swing side to side regularly. 

pair annlhliatlnn; Thg conversion of an electron and positron Into pure Mght. 

pair prodnctianj Ttie conversion of a hlgh-powerod ptioton into an electron 
and positron. 

particle: A diSCrOLO piece ol m^iller. 

Pauli e^clustun principle: The Idea that no Iwo electrons can occupy the 
same state in a single atom. 

perind: The iLme It takes lor one complete cycle of a repeallni( event. 

perturbation; A stimotns mild enoogli that you can calculate the resulting 
energy levels and wave FiinctLnns as corrections In The lundamental energy 
LeveLq and. wave lunctions dF the unpertLirhed syslein. 

phutoclectric effecl: A result in which the kinetic energy of electrons emit led 
from a piece of metal depends only on the Irequency — not the intensity — 
ol the incident light. 

photon: A quantum ol electromagnetic radiation. An eletneiilary particle that 
Is Its own antlparticle. 

pi meson; A suhatomic particle that helps hold the aiLcteiLS nf an atom together. 

PtaneJe's conatant: AiiniveFsaJ constanr. ft. that de.'^crilies the relarLonship 
hetwee]] rite energy and Frequency of a jihotcm. It equals x 1(3 Joiile- 
sccunds. 

povllron: A positively charged aiitl-electroti. 

polentlfl huTter; A potential step of limited eKlent; an electron may t>e able 
to tunnel through the barrier and come out the other side. 


iIt” =-ijrtri3.l 
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pol«ntt )1 ^ii^rgy: An object's energy because of its position when a force Is 
acting on It or Its Internal configuration. 

polentEil fllep: A region in which the energy potential Formj a Stair shape; 
a particle strltlng the step may be reflected or transmitted. 

potcntfoJ well; A region in wliich tlicrc's a dip in rtic energy putential tltrcslL- 
uLd; parlicLcii without ecLuugl] energy to uvercujiie tlio barrier can bccurnc 
trapped iii tttC well, unable to convert IKl polchlial OitL:rg>' lo kinetic. 

powcTT Tlie rate ot change tn a syitem's energy. 

prohablllty ainpJitnde: The square root of the probability tbal a particle will 
occupy a certain state. 

probability dennllyrThe likelihood that a particle will occupy a particular 
position or have a particular momentum, 

quantized; Cojiiiug ia discrete values. 

quark: Particles that combine with antittuarks Lu form protons, aeutrons^aud 
soon. 

rrallnii; The MKS unit of angle — 2 s radians are In a circle. 

radiation; A physical mechanism that transports heat and energy as electro- 
maRnetic waves- 

sealan A simple number fwithout a direction, which a vector ha.s). 

Sehrudlngerequation: A wave function that describes huw eueigles and 
probable locations of electrons change over tijne. 

vfmple Lnttnunlc laolloti: Repetitive motion where the restoring force is pro¬ 
portional to the displacement. 

spJietical coordinates: Coordinates that indicate location using two angles 
and Ihe Length oFa radius vector. 

spin: The intriruic angular momentum nl an electron. chLsailied as up or down. 

oynchrotroa: A type ul circular particle accelerator. 

vtate veclur A vector that gives the probability amplitude that particles will 
be In their various possible slates. 


-riRl 
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llir^iold frwjMenty: If you shine light below this Irequency on metal, no 
electrons are enfikited. 

Intal cmjH Jtectknn: tn. scatlorlng theory', the cross section for any kind oE par¬ 
ticle scattering, through any angle, 

luDJicJiojj; "riic pltu]]UJ]iiM]U]] witurc particicsi can yet througJi rcyjons tJiat 
they're ctasiieally JurbiiJdeji to jjo. 

ultravloJct cfttutrophe: Ttio tailorc ol the RaleigJi-Jeans Law to explain blaek- 
hody radiation at high frequencies. 

uncertainty [udncEple: ^ principle that says It's Impossible to know an 
object’s exact momentum and position, 

vecioK A mathomarlcal construct that has both a maitnitude andadtrection. 

veloclly: The rate oF chani'e oF an oF>ject‘fi posiTinn, eKpressed as a vector 
wltusc magkiiiLide is speed. 

vull: TIte MhLS unit of electrostatic potential — one Joule per Coiilonib. 

wBve; A traveling energy dlsturtrance. 

wavelen^h; Ttie distance between crests or troughs oE a wave, 

wave-parttcle duatlly; 1'he observation that liF^ht has properties oF both 
waveji and particles, depending on the experiment. 

vi'ave paekeL A coltection of wave Functions such that tEie wave ELincTinn.s 
ultertere constructively at ojie location ajitl interfere destructively (go to 
iiero) at all other Locations. 

Work; Force multiplied hy the distance over wbteh that force acts. 
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Quantum Physics For Dummies'^ 

Ihe HamHtQnittn 

One of the tentrel preblems ei quentuffl iMtranics is te eekulBte ihe enerfjv levels of a svstefli, The 
enerav operator, called ihe H, guves voetDe lotal enef^v. Ending ihe energv levels of» 

system brealfs dowfi (0 findinathe eigenvalues ef ihe prohlepn 

Here's the sHme e^isiation in roatris tenns: 


det 


H,,-E H„ 

I I u 


H, 


lU 


t^-E l[^ 


H. 

lU 


H, 

H. 


H„-E H, 


H. 


H..-E 


= 0 






The Heisenberg Uncettamt^ Principle 

The Heiseehery unc-ertBinty prins iple says that ihe better you knowv tbf posih on ef a paHiole, Ihe less you 
knew the momentum, a nd vice uersa. I u the Jc directjou, fe r eKample, that IimiIcs li ke thi s: 

where A;( is Ifie measurement uncerteintyrn the particle's ^position, is its meusurement uncertainty im its 
momentum in tha ^directioa andTi = hfln. 

This relation hmlrh for all three dimensions: 
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The Schr&iim^er Er(mthn 


The Schrdditnger equotian describas tha anergias anrf probable locations ol electrons. The quantum phys¬ 
ics in this book is largely about solving this dirierential equatian lore variety of potentials, VM: 
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